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Abstract

Which mechanism to use to allocate school seats to students still remains a question

of hot debate. Meanwhile, immediate acceptance mechanisms remain popular in many

school districts. We formalize desirable properties of mechanisms when respecting the

relative rank of a school among the students’ preferences is crucial. We show that

those properties, together with well-known desirable resource allocation properties,

characterize immediate acceptance mechanisms. Moreover, we show that replacing

one of the properties, consistency, with a weaker property, non-bossiness, leads to

a characterization of a much larger class of mechanisms, which we call choice-based

immediate acceptance mechanisms. It turns out that certain objectives that are not

achievable with immediate acceptance mechanisms, such as affirmative action, can be

achieved with a choice-based immediate acceptance mechanism.
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1 Introduction

Public School Choice programs let students express their preference rankings over schools

and aim to assign school seats to the students in a way that respects their preferences. How

to respect the preferences under capacity constraints, i.e., which mechanism to use to allocate

a limited number of school seats, still remains a question of hot debate in public policy.

Immediate acceptance (IA) mechanisms1 are an essential part of the debate. Despite their

various shortcomings (see Abdulkadiroğlu and Sönmez, 2003), IA mechanisms remain popular

and they are currently being used in many school districts in the US (e.g., Minneapolis, Lee

County of Florida, Denver, and Cambridge in Massachusetts) and in other countries (e.g.,

Spain, Calsamiglia and Güell, 2017).

A key feature of the IA mechanisms is that the relative rank of a school in the students’

preferences is crucial in determining who receives a seat: seats are allocated to students who

rank the school first, followed by those who rank it second only when seats are still available,

and so on.2 Here, we formalize desirable properties of mechanisms when respecting the relative

rank of a school among the students’ preferences is crucial. We show that those properties,

together with well-known desirable properties, characterize IA mechanisms. Moreover, we

show that weakening one of the properties characterizes a larger class of mechanisms which

may be useful to reach objectives such as affirmative action.

We consider the model of allocating (object) types to agents, where each type has a

certain number of copies (the capacity), each agent has a preference ranking over types, and

he should receive a copy of one type without any monetary transfers. Public School Choice

programs are applications of our model. Each IA mechanism is associated with a priority

structure (for each type, a priority ordering over agents) and at each allocation problem,

copies of each type are allocated to agents who rank the type first (if demand exceeds supply,

rationing is based on the priority ordering); any remaining copies are allocated to those who

rank the type second and who could not get their first choice (if demand exceeds supply,

rationing is based on the priority ordering), and so on. As an important remark, a priority

structure is not a primitive of our model, but it is derived from the properties together with

a specific mechanism.3

1IA mechanisms are also known as Boston mechanisms because they were used in the Boston school
district until 2005. We use the “immediate acceptance” terminology due to Thomson (2011).

2A pre-determined priority ordering is used to allocate the seats among students who assign the school to
the same rank.

3One motivation for not starting with a given priority structure is that the priority structure itself is often
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Our first result is that IA mechanisms are the only mechanisms satisfying weak non-

wastefulness, resource-monotonicity, consistency, favoring-higher-ranks, and rank-respecting

unavailable-type-invariance (Theorem 1).4 The first three properties are well-known in the

literature (see Section 3 for details). The last two properties are desirable in allocation

problems where the relative rank of a type among the agents’ preferences is crucial in

determining who receives a copy. Favoring-higher-ranks has been introduced by Kojima and

Ünver (2014) and requires that, for each agent, no type that he prefers to his allotment is

assigned to an agent who ranks it lower than he does. Rank-respecting unavailable-type-

invariance is a new property and requires that, when the positions of the unavailable types

(the types which have zero capacity) are shuffled at a preference profile in such a way that

the relative rank of each available type among the agents’ preferences is preserved (i.e., for

any two agents, say i and j, i now ranks an available type as high as j if and only if i

used to rank the same type as high as j used to), the allocation should not change. Our

characterization of IA mechanisms in Theorem 1 remains valid if we replace rank-respecting

unavailable-type-invariance with a much weaker tie-breaking property called weak uniform

tie-breaking.

Our characterization result shows that a social planner who agrees on the desirability of

our properties, one of which is a novel property, has to stick with an IA mechanism which

relies on an unconditional priority structure, i.e., for each type, whenever demand exceeds

supply, the remaining copies have to be allocated according to the same priority ordering,

independent from other details of the problem such as who has received a copy before (in an

earlier step). We observe that this restrictiveness is essentially driven by consistency.

For our second result, we weaken consistency to non-bossiness5 and identify the class of

mechanisms satisfying weak non-wastefulness, resource-monotonicity, non-bossiness, favoring-

higher-ranks, and rank-respecting unavailable-type-invariance. To this end, we introduce

choice-based IA mechanisms that operate in a similar fashion as the IA mechanisms, similar

in the sense that types are allocated to agents who rank the type first; any remaining copies

are allocated to those who rank the type second and who could not get their first choice, and

so on. The difference is that at a step where demand exceeds supply, instead of relying on a

a design object for the social planner. For other advantages of our approach, see the discussion in Kojima
and Ünver (2014).

4We are not the first to characterize IA mechanisms. In Section 4, we relate our characterization to
Kojima and Ünver (2014), who provided the first characterization of IA mechanisms.

5Non-bossiness requires that whenever a change in an agent’s preference relation does not bring about a
change in his allotment, it does not bring about a change in anybody’s allotment.
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priority ordering, the agents who receive a copy are determined based on a choice function

that does not necessarily induce a priority ordering and that possibly depends on who received

a copy of the type before (in an earlier step). Also, we introduce two properties for choice

functions, called sequence-monotonicity and sequence-substitutability, that limit the extent

to which choice depends on what happened in an earlier step. We show that choice-based

IA mechanisms whose choice structures satisfy acceptance, monotonicity, substitutability,

sequence-monotonicity, and sequence-substitutability are the only mechanisms satisfying

weak non-wastefulness, resource-monotonicity, non-bossiness, favoring-higher-ranks, and

rank-respecting unavailable-type-invariance (Theorem 2).6

The class of mechanisms characterized in Theorem 2 includes choice-based IA mechanisms

where the choice may depend on who received what before, which may be desirable in

some applications. In Section 6, we discuss an affirmative action example; we provide a

class of mechanisms, which is a subset of the class characterized in Theorem 2, that are

designed to “promote” a group of “minority” agents. Each of these mechanisms favor minority

agents and how many minority agents will be favored depends on how many minority agents

already received a copy throughout the steps of the IA algorithm: this clearly requires a

choice function that depends on “who received what before.” The class of choice-based

IA mechanisms may particularly be useful for a social planner who has been using an IA

mechanism and who is planning to incorporate new design objectives, such as affirmative

action, without entirely abolishing the current principles. Our characterization results reveal

that such a change essentially requires consenting to a weaker form of consistency.

Another interesting aspect of our analysis concerns the substitutability of the choice

structure as a result of desirable resource allocation properties. Similar results have been

obtained by Kojima and Manea (2010) and Ehlers and Klaus (2016): they characterize

choice-based deferred acceptance (DA) mechanisms and part of their characterizations is

that the underlying choice structure must be substitutable. Substitutability of the choice

structure ensures that stable allocations exist (e.g., Kelso and Crawford, 1982; Roth, 1984),

and hence a corresponding choice-based DA mechanism is guaranteed to indeed find a stable

allocation. Choice-based IA mechanisms are not stable but surprisingly the properties that

characterize them do imply substitutability and the existence of stable matchings.

The paper is organized as follows. In Section 2, we introduce our general object allocation

model. In Section 3, we introduce well-known and desirable resource allocation properties

6The definitions of acceptance, monotonicity, and substitutability, which are borrowed from choice theory,
are in Section 5.
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and properties that concern respecting the relative rank of a school among the students’

preferences. In Section 4, we characterize the set of IA mechanisms (Theorem 1). First, we

show that a property that we call “uniform pairwise-tie-breaking” is satisfied. Second, we show

that favoring-higher-ranks and uniform pairwise-tie-breaking pin down an IA mechanism. We

conclude Section 4 by discussing the relation of our characterization of IA mechanisms with

that of Kojima and Ünver (2014). In Section 5, we weaken consistency to non-bossiness and

characterize the set of choice-based IA mechanisms (Theorem 2). Section 6 demonstrates the

versatility of the set of choice-based IA mechanisms with an example of affirmative action IA

mechanisms. In Section 7, we discuss the related literature. The proofs of all the results are

in Appendix A. The independences of properties in our characterizations are in Appendix B.

2 The Model and Notation

Our allocation model is identical to that described in Ehlers and Klaus (2014) and Ehlers

and Klaus (2016).

Let N denote a finite set of agents, |N | ≥ 2. Let O denote a finite set of potential (real)

object types or types for short. We assume that O contains at least two elements and that O

is finite. Not receiving any real object is called “receiving the null object”. Let ∅ represent

the null object.

Each agent i ∈ N is equipped with a strict preference relation Ri, which is a complete,

transitive, and anti-symmetric binary relation over all types O ∪ {∅}. Given x, y ∈ O ∪ {∅},
x Ri y means that either x = y or x 6= y and agent i prefers x to y. If agent i prefers x to y,

we also write x Pi y. For any agent i ∈ N and type x ∈ O ∪ {∅}, the lower contour set of Ri

at x is L(Ri, x) := {y ∈ O ∪ {∅} : x Ri y}. Let R denote the set of all preference relations

over O ∪ {∅}, and RN the set of all (preference) profiles R = (Ri)i∈N such that for all i ∈ N ,

Ri ∈ R.

Given R ∈ RN and S ⊆ N , let RS denote the profile (Ri)i∈S; it is the restriction of R

to the set of agents S. We also use the notation R−S = RN\S and R−i = RN\{i}. Given

O′ ⊆ O ∪ {∅}, let Ri|O′ denote the restriction of Ri to O′ and R|O′ = (Ri|O′)i∈N . Given

i ∈ N and Ri ∈ R, type x ∈ O is acceptable at Ri if x Pi ∅. Let A(Ri) = {x ∈ O : x Pi ∅}
denote the set of acceptable types at Ri. Given i ∈ N , Ri ∈ Ri, and x ∈ O ∪ {∅}, let

Ri(x) = |{y ∈ O ∪ {∅} : y Ri x}| be the rank of type x in Ri, i.e., a type of rank 1 is the best

type, a type of rank 2 is the second best type, etc. To conform with colloquial language, we

say that for two types x, y ∈ O, if Ri(x) < Ri(y) then agent i ranks type x higher than type y.
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For each type x ∈ O, at most qx ∈ N copies are available in any economy, where

1 ≤ qx ≤ |N |. By introducing, for each x ∈ O, a “global upper bound” qx, we can, for

instance, specify the so-called house allocation model where at most one object of each

type is available, i.e., for all x ∈ O, qx = 1. Let qx ∈ {0, 1, . . . , qx} denote the number of

available objects or the capacity of type x.7 Let q = (qx)x∈O denote a capacity vector and

Q = ×x∈O{0, 1, . . . , qx} denote the set of all capacity vectors. The null object is always

available without scarcity and therefore we set q∅ = ∞. Given a capacity vector q, let

O+(q) = {x ∈ O : qx > 0} denote the set of available real types at q. The set of available

types at q is O+(q) ∪ {∅}; it includes the null object.

An (allocation) problem (with capacity constraints) consists of a profile R ∈ RN and a

capacity vector q. We denote a problem by (R, q) and the set of all problems by RN ×Q.

Given q ∈ Q, an allocation assigns to each agent exactly one object of a type in O ∪ {∅}
taking capacity constraints into account. Formally, an allocation at q is a list a = (ai)i∈N

such that for all i ∈ N , ai ∈ O ∪ {∅}, and no real type x ∈ O is assigned more than qx times,

i.e., for all x ∈ O, |{i ∈ N : ai = x}| ≤ qx. The null object can be assigned to any number of

agents and not all real objects have to be assigned. Let a(x) = {i ∈ S : ai = x} denote the

set of agents who are assigned type x at a. Let A(q) denote the set of all allocations at q

and A =
⋃

q∈QA(q) the set of all allocations. Given q ∈ Q, a ∈ A(q), and x ∈ O, we say x

is exhausted if |a(x)| = qx and otherwise we say that x is not exhausted. Note that the null

object is never exhausted.

A mechanism is a function ϕ : RN × Q → A such that for all R ∈ RN and all q ∈ Q,

ϕ(R, q) ∈ A(q). Given i ∈ N , we call ϕi(R, q) the allotment of agent i at ϕ(R, q).

3 Desirable Properties of Mechanisms

Individual rationality requires that no agent should prefer the null object (which may represent

an outside option such as off-campus housing in the context of university housing allocation,

or private schools or home schooling in the context of student placement in public schools) to

his allotment.

Individual Rationality: For all (R, q) ∈ RN ×Q and all i ∈ N , ϕi(R, q)Ri ∅.
7By allowing for qx = 0 we implicitly model the removal of object types without introducing a full variable

object type model (in which object types are removed and not listed in agents’ preferences). In school choice
qx = 0 could reflect that school x opted out of the centralized allocation scheme.
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Next, we introduce two properties that require a mechanism to not waste any resources.

First, non-wastefulness (Balinski and Sönmez, 1999) requires that no agent prefers a type

that is not exhausted to his allotment.

Non-Wastefulness: For all (R, q) ∈ RN ×Q, all x ∈ O+(q), and all i ∈ N , if x Pi ϕi(R, q),

then |ϕ(R, q)(x)| = qx.

Next, we weaken non-wastefulness by requiring that no agent receives the null object

while he prefers a type that is not exhausted to the null object.

Weak Non-Wastefulness: For all (R, q) ∈ RN × Q, all x ∈ O+(q), and all i ∈ N , if

x Pi ϕi(R, q) and ϕi(R, q) = ∅, then |ϕ(R, q)(x)| = qx.

Weak non-wastefulness is a mild efficiency requirement. For example, suppose that a

central agency registers all unemployed agents (those who did not receive anything) and all

those agents report all jobs (real types) which are acceptable to them. Then it should not be

the case that an unemployed agent prefers one of the jobs with an unassigned position to

being unemployed.

When the capacities of types vary, a natural requirement is resource-monotonicity ; it is a

widely used solidarity property introduced by Chun and Thomson (1988) and it describes

the effect of a change in the available resources on the welfare of the agents. A mechanism is

resource-monotonic if the availability of more copies of the real types has a (weakly) positive

effect on all agents.

Resource-Monotonicity: For all R ∈ RN , and all q, q′ ∈ Q, if for all x ∈ O, qx ≤ q′x, then

for all i ∈ N , ϕi(R, q
′)Ri ϕi(R, q).

Consistency is one of the key properties in many frameworks with variable population

scenarios. Thomson (2015) provides an extensive survey of consistency in various contexts.

Consistency requires that if some agents leave a problem with their allotments, then the

mechanism should allocate the remaining objects among the remaining agents in the same

way as in the original problem. We introduce a fixed population counterpart of consistency

which requires that if some agents change their preferences in such a way that no real type is

acceptable anymore, and if their allotments are removed, then the mechanism should allocate

the remaining objects among the agents who did not change their preferences in the same

way as in the original problem.

Consistency: For all (R, q) ∈ RN × Q, all S ⊆ N , all R′S ∈ RS, if for each i ∈ S,

A(R′i) = ∅, then for each j ∈ N \ S, ϕj(R, q) = ϕj((R
′
S, R−S), q̃) where for all x ∈ O,

q̃x = qx − |{i ∈ S : ϕi(R, q) = x}|.
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A well-known property that is implied by consistency, called non-bossiness, requires

that whenever a change in an agent’s preference relation does not bring about a change in

his allotment, it does not bring about a change in anybody’s allotment (Satterthwaite and

Sonnenschein, 1981).

Non-Bossiness: For all (R, q) ∈ RN × Q, all i ∈ N , and all R′i ∈ R, if ϕi(R, q) =

ϕi((R
′
i, R−i), q), then ϕ(R, q) = ϕ((R′i, R−i), q).

A recent survey (Thomson, 2016) discusses many other logical relationships of non-

bossiness with well-known normative or strategic properties. The following strengthening of

non-bossiness will be convenient in some of our proofs and strengthen some of our results

(Barberà and Jackson, 1995).

Group Non-Bossiness: For all (R, q) ∈ RN ×Q, all S ⊆ N , and all R′S ∈ RS, if for each

i ∈ S, ϕi(R, q) = ϕi((R
′
S, R−S), q), then ϕ(R, q) = ϕ((R′S, RS), q).

We next introduce a property due to Kojima and Ünver (2014). For this property, the

rank of a type in an agent’s preference relation is essential. The property requires that, for

each type x, if there is an agent i ∈ N who prefers x to his allotment, then type x isn’t

assigned to an agent who ranks it lower.

Favoring-Higher-Ranks: For all (R, q) ∈ RN ×Q, all x ∈ O, and all i ∈ N , if xPiϕi(R, q),

then there is no agent j ∈ N such that ϕj(R, q) = x and Rj(x) > Ri(x).8

Our next requirement is the following: suppose that the positions of the unavailable types

are shuffled at a profile in such a way that for each available type x, the relative rank of x

among the agents is preserved (i.e., for any two agents i and j, i now ranks x as high as j if

and only if i used to rank x as high as j), then the allocation should not change.

Rank-Respecting Unavailable-Type-Invariance (RR-UTI): For all (R, q) ∈ RN ×Q,

all R′ ∈ RN such that R|O+(q)∪{∅} = R′|O+(q)∪{∅}, if [for all x ∈ O+(q) and for all i, j ∈ N ,

Ri(x) ≥ Rj(x) if and only if R′i(x) ≥ R′j(x)], then ϕ(R, q) = ϕ(R′, q).

Example 1 (Rank-respecting unavailable-type-invariance applies). Let N = {1, 2, 3}, O =

{x, y, z, z̄}, qx = 1, qy = 2, and qz = qz̄ = 0, i.e., objects x and y are available while z

and z̄ are unavailable. We compare problems (R, q), (R′, q), and (R̄, q) with the following

preferences (available types are listed in bold face):

8Kojima and Ünver (2014) introduced a somewhat stronger version of favoring-higher-ranks: for all
(R, q) ∈ RN ×Q, all x ∈ O ∪ {∅}, and all i ∈ N , if x Pi ϕi(R, q), then |{k ∈ N : ϕk(R, q) = x}| = qx and for
each j ∈ {k ∈ N : ϕk(R, q) = x}, Rj(x) ≤ Ri(x). Hence, their original definition of favoring-higher-ranks
also included individual rationality and non-wastefulness.
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R1 R2 R3 R′1 R′2 R′3 R̄1 R̄2 R̄3

x y z x y z x y z̄

z z̄ z̄ z̄ x y z̄ z z

z̄ x y y z x z x y

y z x z z̄ z̄ y z̄ x

∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅

Note that the only difference when moving from R to R′ is that all agents have moved their

second ranked unavailable type to be the worst acceptable type. Furthermore, the only

change when moving from R to R̄ is that all agents swap the rankings of the unavailable types

z and z̄. These are two examples of situations in which, starting from R, the relative ranks

of all available types are preserved and hence rank-respecting unavailable-type-invariance

implies that the allocation at problems (R, q), (R′, q), and (R̄, q) should be the same.

Rank-respecting unavailable-type-invariance implies the following tie-breaking property:

assume that at a problem (R, q) ∈ RN × Q only one copy of type x ∈ O is available and

nothing else and only agents i, j ∈ N find x acceptable and rank it the same, while all other

agents rank x as the lowest (unacceptable) type. Then, if agent i receives x at (R, q), agent i

also receives x at (R′, q) where R′ is such that agents i, j ∈ N find only x acceptable, while

all other agents have the same preferences as before.

Weak Uniform Tie-Breaking: For all x ∈ O, all i, j ∈ N , all q ∈ Q such that qx = 1

and qy = 0 for each y ∈ O \ {x}, all R,R′ ∈ RN such that R−{i,j} = R′−{i,j}, Ri(x) = Rj(x),

x ∈ A(Ri)∩A(Rj), A(R′i) = A(R′j) = {x}, and for each k ∈ N\{i, j}, Rk(x) = R′k(x) = |O|+1,

if ϕi(R, q) = x, then ϕi(R
′, q) = x.

Note that for problems (R, q) and (R′, q) as defined in the definition of weak uniform

tie-breaking it follows easily that R|O+(q)∪{∅} = R′|O+(q)∪{∅} and [for all x ∈ O+(q) and for

all i, j ∈ N , Ri(x) ≥ Rj(x) if and only if R′i(x) ≥ R′j(x)]. Hence, as mentioned above,

rank-respecting unavailable-type-invariance implies weak uniform tie-breaking.

We use the following relationships between the above properties to prove our results (all

proofs are in Appendix A).

Lemma 1. Resource-monotonicity implies individual rationality.

It has already been noted in the literature that consistency implies non-bossiness (Thom-

son, 2016).

9



Lemma 2. Consistency implies group non-bossiness.

Lemma 3. Weak non-wastefulness, resource-monotonicity, and consistency together imply

non-wastefulness.

The following lemma holds with non-bossiness as well as with group non-bossiness; using

group non-bossiness allows for a more compact proof but we mention in the proof how to

proceed with the weaker property non-bossiness.

Lemma 4. Weak non-wastefulness, resource-monotonicity, (group) non-bossiness, and

favoring-higher-ranks together imply non-wastefulness.

4 Immediate Acceptance Mechanisms

Given real type x ∈ O, let �x denote a priority ordering on N , e.g., �x: 1 2 . . . |N | means

that agent 1 has higher priority for type x than agent 2, who has higher priority for type x

than agent 3, etc. Let �≡ (�x)x∈O denote a priority structure for N.

Immediate �-Acceptance Algorithm: Let � be a priority structure. Then, for each

problem (R, q) ∈ RN ×Q, the algorithm runs as follows:

Step 1: Each agent applies to his favorite type in O ∪ {∅}. Each real type x ∈ O such that

qx > 0 accepts the qx applicants who have the highest priority (accepts all if there are fewer

than qx applicants), and rejects all the other applicants. Each real type x ∈ O such that

qx = 0 rejects all applicants and the null object ∅ accepts all applicants.

Step r ≥ 2: Each applicant who was rejected at step r − 1 applies to his next favorite type

in O ∪ {∅}. For each real type x ∈ O, let qrx be qx minus the total number of agents accepted

by x before step r. Each real type x ∈ O such that qrx > 0 accepts the qrx applicants who

have the highest priority (accepts all if there are fewer than qrx applicants), and rejects all the

other applicants. Each real type x ∈ O such that qrx = 0 rejects all applicants and the null

object ∅ accepts all applicants.

The algorithm terminates when each agent is accepted by a real type or the null object.

The allocation where each agent is assigned the type that he was accepted by at the end of the

algorithm is called the immediate �-acceptance allocation at (R, q), denoted by IA�(R, q).

Immediate �-Acceptance or IA Mechanisms: A mechanism ϕ : RN → A is an

IA mechanism if there is a priority structure � such that for each (R, q) ∈ RN × Q,

ϕ(R, q) = IA�(R, q).
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We prove, in two steps, that IA mechanisms are the only mechanisms satisfying weak non-

wastefulness, resource-monotonicity, consistency, favoring-higher-ranks, and weak uniform

tie-breaking (or RR-UTI): first, we show that weak non-wastefulness, resource-monotonicity,

consistency, and weak uniform tie-breaking (or RR-UTI) imply a property that we call

“uniform pairwise-tie-breaking”; second, we show that favoring-higher-ranks and uniform

pairwise-tie-breaking pin down an immediate �-acceptance mechanism.

Uniform pairwise-tie-breaking requires that for each pair of agents and each type, there

can’t be two problems where the two agents assign the same rank to the type and in one

problem one of the agents gets the type while the other would like to receive it and in the

other problem the situation is reversed.

Uniform Pairwise-Tie-Breaking: There are no pair of problems (R, q), (R′, q′), no real

type x ∈ O, and no pair of agents i, j ∈ N such that

i. Ri(x) = Rj(x), ϕi(R, q) = x, x Pj ϕj(R, q), and

ii. R′i(x) = R′j(x), ϕj(R
′, q′) = x, and x P ′i ϕi(R

′, q′).

The following lemma holds with weak uniform tie-breaking as well as with the stronger

property RR-UTI (this and further proofs for results in this section are in Appendix A).

Lemma 5. Weak non-wastefulness, resource-monotonicity, consistency, and weak uniform

tie-breaking (rank-respecting unavailable-type-invariance) together imply uniform pairwise-

tie-breaking.

The following theorem holds with weak uniform tie-breaking as well as with RR-UTI.

Theorem 1. A mechanism satisfies weak non-wastefulness, resource-monotonicity, consis-

tency, favoring-higher-ranks, and weak uniform tie-breaking (rank-respecting unavailable-

type-invariance) if and only if it is an IA mechanism.

We prove the independence of characterizing properties in Theorem 1 in Appendix B.

The proof of Theorem 1 does not require more than one copy of any real type. Hence,

Theorem 1 is also valid for the well-known house allocation model.

Corollary 1 (Theorem 1 for House Allocation).

In the house allocation model, a mechanism satisfies weak non-wastefulness, resource-

monotonicity, consistency, favoring-higher-ranks, and weak uniform tie-breaking (rank-

respecting unavailable-type-invariance) if and only if it is an IA mechanism.
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In a related study, Kojima and Ünver (2014) show that a mechanism satisfies weak

non-wastefulness, resource-monotonicity, consistency, “favoring-higher-ranks”, and “rank-

respecting invariance” if and only if it is an IA mechanism. Their set of characterizing

properties differs from ours in two ways.

First, Kojima and Ünver (2014) study a stronger version of favoring-higher-ranks (although

we use the same name), requiring that if an agent i ∈ N prefers a type x ∈ O ∪ {∅} to

his assigned type (possibly the null object), then x’s capacity must be filled with agents

who rank x at least as high as i, which readily implies non-wastefulness (see Footnote 8).

Note that we study a weaker version of favoring-higher-ranks, which does not imply any

form of non-wastefulness. Yet, we include weak non-wastefulness, which together with

resource-monotonicity and consistency implies non-wastefulness.

Second, and most importantly, we replace “rank-respecting invariance” with weak uniform

tie-breaking (or RR-UTI). For the sake of completeness, we provide a formal definition of rank-

respecting invariance. The property is based on the concept of a “monotonic transformation of

a preference relation at a type”. A preference relation R′i ∈ R is a monotonic transformation

of Ri ∈ R at x ∈ O ∪ {∅} if L(Ri, x) ⊆ L(R′i, x). A profile R′ ∈ RN is a monotonic

transformation of R ∈ RN at an allocation a ∈ A if for each i ∈ N , R′i is a monotonic

transformation of Ri at ai.

For each (R, q) ∈ RN ×Q, each i ∈ N , and each a ∈ A, define the set of agents who rank

type ai at least as high as agent i does and at least as high as their own allotment

Ui(R, a) := {j ∈ N : Rj(ai) ≤ Ri(ai) and Rj(ai) ≤ Rj(aj)}

and define the set of agents who rank type ai higher than agent i does and at least as high as

their own allotment

Vi(R, a) := {j ∈ N : Rj(ai) < Ri(ai) and Rj(ai) ≤ Rj(aj)}.

A profile R′ ∈ RN is a rank-respecting monotonic transformation of R ∈ RN at an allocation

a ∈ A if R′ is a monotonic transformation of R at a and for each i ∈ N such that ai ∈ O,

Ui(R
′, a) ⊆ Ui(R, a) and Vi(R

′, a) ⊆ Vi(R, a).

Rank-Respecting Invariance: For all (R, q), (R′, q) ∈ RN ×Q, if R′ is a rank-respecting

monotonic transformation of R at ϕ(R, q), then ϕ(R′, q) = ϕ(R, q).
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Rank-respecting invariance and RR-UTI are logically independent, but rank-respecting

invariance implies weak uniform tie-breaking.

Lemma 6. Rank-respecting invariance implies weak uniform tie-breaking.

Hence, Theorem 1 is a strengthening of Kojima and Ünver’s (2014) characterization of IA

mechanisms that is obtained by replacing their rank-respecting invariance with the weaker

weak uniform tie-breaking (Lemma 6).

5 Choice-Based Immediate Acceptance Mechanisms

In this section, we consider a class of mechanisms that operate in a similar fashion as the IA

mechanisms, similar in the sense that types are allocated to agents who rank the type first;

any remaining copies are allocated to those who rank the type second and who could not get

their first choice, and so on. The difference is that when there is a step at which there are

fewer copies available than demanded, instead of relying on a priority ordering, the agents

who will receive a copy are chosen based on a choice function that does not necessarily induce

a priority ordering and that possibly depends on who received a copy of the type before (in

an earlier step).

First, we formalize our notion of a choice function. Given any set of agents A ⊆ N , let 2A

denote the set of all subsets of A. For each real type x ∈ O, let

Dx ≡
{

(B, S, l) ∈ 2N × 2N × {1, . . . , qx} : B ∩ S = ∅, S 6= ∅, and l ≤ qx − |B|
}
.

The role of a triple (B, S, l) ∈ Dx will be that B is the set of agents who have received a

copy of x before the time when agents in S simultaneously apply to receive a copy from l

remaining copies of x.

For any real type x ∈ O, let Cx : Dx → 2N \ {∅} denote a choice function such that for

each (B, S, l) ∈ Dx, Cx(B, S, l) ⊆ S and 0 < |Cx(B, S, l)| ≤ l. We interpret Cx(B, S, l) as the

agents in S who receive a copy of x when the agents in B have received a copy of x before

and the agents in S compete for l available copies of x in the same step of the IA algorithm.

We next list some properties of choice functions. Let x ∈ O and Cx be a choice function.

Acceptance: for each (B, S, l) ∈ Dx,

|Cx(B, S, l)| = min{|S|, l}.
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Monotonicity: for each (B, S, l) ∈ Dx,

Cx(B, S, l − 1) ⊆ Cx(B, S, l).

Substitutability: for each (B, S, l) ∈ Dx and each pair i, j ∈ S such that i 6= j,

i ∈ Cx(B, S, l) implies i ∈ Cx(B, S\{j}, l).

Remark 1. A choice function Cx that satisfies acceptance and substitutability also satisfies

irrelevance of rejected agents (IRA):9 for all (B, S, l), (B, S ′, l) ∈ Dx, Cx(B, S, l) ⊆ S ′ ⊆ S

implies Cx(B, S, l) = Cx(B, S ′, l) (see Ehlers and Klaus, 2016, Lemma 1). Furthermore, a

choice function Cx is substitutable and satisfies IRA if and only if it is path-independent :

for all (B, S, l), (B, S ′, l) ∈ Dx, Cx(B, S ∪ S ′, l) = Cx(B, S ∪ Cx(B, S ′, l), l) (see Aizerman and

Malishevski, 1981; Chambers and Yenmez, 2017).

The above properties of choice functions are borrowed from the literature on choice

functions that do not have the B component, and for that reason none of the above properties

imposes any restriction on how the choice changes when B changes. To be more precise,

let ACx : 2N \ {∅} × {1, . . . , qx} → 2N \ {∅} denote a choice function without the B

component, or simply an auxiliary choice function for our setup, such that for each (S, l) ∈
2N \ {∅} × {1, . . . , qx}, ACx(S, l) ⊆ S and 0 < |ACx(S, l)| ≤ l. Now, if we associate each

B ∈ 2N with an auxiliary choice function ACBx that satisfies acceptance, monotonicity, and

substitutability, then the choice function Cx induced by the auxiliary choice functions in

the following straightforward way also satisfies the three properties: for each (B, S, l) ∈ Dx,

let Cx(B, S, l) ≡ ACBx (S, l). In order for the three properties to be preserved, there is no

restriction on which auxiliary choice function to associate with which B ∈ 2N , provided that

each auxiliary choice function satisfies the three properties.

Now, we introduce two new properties of choice functions that restrict how the choice

changes when B changes. Let x ∈ O and Cx be a choice function.

The first property requires that, if an agent i is chosen from S, then i should still be

chosen when an agent j is removed from B and the number of available copies for agents

in S increases from l to l + 1. In our context, it amounts to requiring that a chosen agent

is still chosen if an agent who was chosen before the competition step is not chosen before

anymore and there is one more available copy.

9Irrelevance of Rejected Agents (IRA) is referred to as irrelevance of rejected contracts (IRC) by Aygün
and Sönmez (2013) and as consistency by Chambers and Yenmez (2017).
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Sequence-Monotonicity: for each (B, S, l) ∈ Dx,

i ∈ Cx(B, S, l) and j ∈ B imply i ∈ Cx(B \ {j}, S, l + 1).

The second property requires that, if an agent i is chosen together with another agent j

from S, then i should still be chosen when j is moved to B and the number of available copies

for agents in S \ {j} decreases from l to l− 1. In our context, this amounts to requiring that

whether j is chosen at a competition step or before does not affect whether i is chosen at the

competition step.

Sequence-Substitutability: for each (B, S, l) ∈ Dx such that l ≥ 2,

i, j ∈ Cx(B, S, l) and i 6= j imply i ∈ Cx(B ∪ {j}, S \ {j}, l − 1).

Note that if we associate each B ∈ 2N with an auxiliary choice function in an arbitrary

manner, then the choice function induced by the auxiliary choice functions does not necessarily

satisfy any of the two properties that we have just introduced: the two new properties restrict

how the choice changes when B changes. On the other hand, if each B ∈ 2N is associated with

the same auxiliary choice function that satisfies acceptance, monotonicity, and substitutability,

or in other words if the choice does not vary with B at all, then the induced choice function

satisfies all the five properties introduced so far. Therefore, the two new properties restrict

how much the choice varies with B, or in other words how much the choice depends on B.

A particular example of a choice function that satisfies all properties mentioned above

is a “responsive choice function:” let x ∈ O and �x be a priority ordering on N . If for

each (B, S, l) ∈ Dx, Cx(B, S, l) = {i1, . . . , ik} ⊆ S such that k = min{|S|, l} and for each

l ∈ S \ {ii, . . . , ik} we have i1, . . . , ik �x l, i.e., choice function Cx chooses the highest priority

agents in set S according to priority ordering �x, then Cx is responsive to priority ordering

�x. We denote a choice function that is responsive to a priority ordering �x by C�x .

The “choice-based IA mechanisms” that we introduce now are defined through “IA

algorithms based on choice structures”. A choice structure associates each real type with

a list of choice functions, i.e., C = (Cx)x∈O. We say that a choice structure C = (Cx)x∈O is

acceptant / monotonic / substitutable / sequence-monotonic / sequence-substitutable if for

all real types x ∈ O, Cx is acceptant / monotonic / substitutable / sequence-monotonic /

sequence-substitutable. Next, we define an IA algorithm based on a choice structure.
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Immediate C-Acceptance Algorithm: Let C be a choice structure. Then, for each

problem (R, q) ∈ RN ×Q, the algorithm runs as follows:

Step 1: Each agent applies to his favorite type in O ∪ {∅}. Each real type x ∈ O such that

qx > 0 accepts the applicants in Cx(∅, Sx, qx) where Sx is the set of agents who applied to

x, and rejects all the other applicants. Each real type x ∈ O such that qx = 0 rejects all

applicants and the null object ∅ accepts all applicants.

Step r ≥ 2: Each applicant who was rejected at step r − 1 applies to his next favorite

type in O ∪ {∅}. For each real type x ∈ O, let Sx,r be the set of agents who applied to x

at step r, let Bx,r ∈ 2N be the set of agents who were accepted by x before step r, and let

qrx = qx− |Bx,r| denote x’s residual quota. Each real type x ∈ O such that qrx > 0 accepts the

applicants in Cx(Bx,r, Sx,r, q
r
x) and rejects all the other applicants. Each real type x ∈ O such

that qrx = 0 rejects all applicants and the null object ∅ accepts all applicants.

The algorithm terminates when each agent is accepted by a real type or the null object.

The allocation where each agent is assigned the type that he was accepted by at the end of the

algorithm is called the immediate C-acceptance allocation at (R, q), denoted by IAC(R, q).

Immediate C-Acceptance or Choice-Based IA Mechanisms: A mechanism ϕ : RN ×
Q → A is a choice-based IA mechanism if there is a choice structure C such that for each

(R, q) ∈ RN ×Q, ϕ(R, q) = IAC(R, q).

It is no wonder that whether a choice-based IA mechanism satisfies certain desirable

properties is intimately related to whether its associated choice structure satisfies certain

properties. In particular, the following result reveals that whether a choice-based IA mecha-

nism is resource-monotonic is intimately related to whether its associated choice structure

is sequence-monotonic; and whether it is non-bossy is intimately related to whether its

associated choice structure is sequence-substitutable.

The following proposition holds with non-bossiness as well as with the stronger property

group non-bossiness; we indicate this by writing (group) non-bossiness.

Proposition 1. Let ϕ be a choice-based IA mechanism based on a choice structure C that

satisfies acceptance, monotonicity, and substitutability.

i. Suppose that |O| ≥ 3. The mechanism ϕ is resource-monotonic if and only if C is

sequence-monotonic.10

10The assumption that |O| ≥ 3 is only necessary to show that resource-monotonicity of ϕ implies sequence-
monotonicity of C.
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ii. The mechanism ϕ is (group) non-bossy if and only if C is sequence-substitutable.11

We are now ready to present the main result of this section. We prove, in two steps,

that choice-based IA mechanisms, where the choice structure satisfies acceptance, monoto-

nicity, substitutability, sequence-monotonicity, and sequence-substitutability, are the only

mechanisms satisfying weak non-wastefulness, resource-monotonicity, (group) non-bossiness,

favoring-higher-ranks, and RR-UTI : first, we show that weak non-wastefulness, resource-

monotonicity, (group) non-bossiness, and RR-UTI imply a tie-breaking property that we

call “uniform choice”; second, we show that favoring-higher-ranks and uniform choice pin

down an immediate C-acceptance mechanism (with C satisfying acceptance, monotonicity,

substitutability, sequence-monotonicity, and sequence-substitutability). We should add that

for the second result, we need at least three types (Example 2 presents a mechanism that is

not an immediate C-acceptance mechanism satisfying all the above mentioned properties in a

model with at most two types).

In plain words, a mechanism ϕ satisfies uniform choice if for each set of agents and each

type, in every problem where the set of agents rank the type at the same rank, the same set

of agents received a copy of the type before them (i.e., they ranked the type higher), and

they compete for the same number of remaining copies, then the same subset of agents gets

an objects of that type.

Uniform Choice: There is no pair of problems (R, q), (R′, q′) ∈ RN ×Q and no real type

x ∈ O such that qx = q′x, no triple (B, S, l) ∈ Dx, l = qx− |B|, and no numbers r, r′ ∈ N such

that

i. agents in S rank x the same in either of the problems and all agents in S receive an

allotment that is at most as desirable as x, i.e.,

S = {i ∈ N : Ri(x) = r and x Ri ϕi(R, q)} = {i ∈ N : R′i(x) = r′ and x R′i ϕi(R
′, q′)},

ii. the set B equals the set of agents who rank type x higher than agents in S in either of

the problems and who have received it as allotments, i.e.,

B = {i ∈ N : Ri(x) < r and ϕi(R, q) = x} = {i ∈ N : R′i(x) < r and ϕi(R
′, q′) = x},

and

11Note that monotonicity of the choice structure is in fact not needed for this part of the proposition.
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iii. the subsets of agents in S who receive x in either of the problems as allotments differ,

i.e.,

{i ∈ S : ϕi(R, q) = x} 6= {i ∈ S : ϕi(R
′, q′) = x}.

The following lemma holds with non-bossiness as well as with group non-bossiness; using

group non-bossiness allows for a more compact proof but we mention in the proof how to

proceed with the weaker property non-bossiness (this and further proofs for results in this

section are in Appendix A).

Lemma 7. Weak non-wastefulness, resource-monotonicity, (group) non-bossiness, favoring-

higher-ranks, and rank-respecting unavailable-type-invariance together imply uniform choice.

The following theorem holds with non-bossiness as well as with group non-bossiness.

Theorem 2. Let |O| ≥ 3. A mechanism satisfies weak non-wastefulness, resource-

monotonicity, (group) non-bossiness, favoring-higher-ranks, and rank-respecting unavailable-

type-invariance if and only if it is a choice-based IA mechanism with a choice structure that

satisfies acceptance, monotonicity, substitutability, sequence-monotonicity, and sequence-

substitutability.12

We prove the independence of characterizing properties in Theorem 2 in Appendix B.

Theorems 1 and 2 imply that any choice-based IA mechanisms that is not responsive must

violate consistency (we illustrate that with an affirmative-action-target example in Section 6

(Example 4). The next example shows that Theorem 2 need not hold if there are at most

two types.

Example 2. Let O = {x, y} and N = {1, 2, 3, 4} (we can easily generalize the example to

more agents by assuming that additional agents have lower priorities and choices for them

are based on priorities). Consider the following priority orderings

�x: 1 2 3 4 and �′x: 1 3 4 2;

�y: 2 1 3 4 and �′y: 2 3 4 1.

We define choice functions based on them as follows.

12The assumption that |O| ≥ 3 is only necessary to show the only if part of the characterization.
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For each (B, S, l) ∈ Dx,

Cx(B, S, l) =

C�x(B, S, l) if 1 ∈ B ∪ S

C�′
x(B, S, l) otherwise.

For each (B, S, l) ∈ Dy,

Cy(B, S, l) =

C�y(B, S, l) if 2 ∈ B ∪ S

C�′
y(B, S, l) otherwise.

Note that Cx and Cy satisfy acceptance, monotonicity, sequence-substitutability, and violate

substitutability and sequence-monotonicity. The choice-based IA mechanism IAC satisfies

weak non-wastefulness, favoring-higher-ranks, and RR-UTI. It also satisfies group non-

bossiness since the priority orderings the choice structure uses do not change when agents’

allotments remain the same. To see that IAC satisfies resource-monotonicity, let (R, q) ∈
RN ×Q. Without loss of generality, assume that one more copy of real type x is available,

i.e., let q′ ∈ Q such that q′x = qx + 1 and q′y = qy (note that the argument for real type y is

symmetric). We prove resource-monotonicity by showing that for all i ∈ N , ϕi(R, q
′)Riϕi(R, q)

when going through the steps of the immediate C-acceptance algorithm (which has at most

three steps).

If ϕ(R, q) = ϕ(R, q′), then we are done. Let t ∈ {1, 2} be the first step in the immediate

C-acceptance algorithm at (R, q) and (R, q′) at which an agent receives different allotments.

As in the proof of Theorem 2, some agent, say agent j ∈ N , can newly receive x because

one more copy is available and, using only monotonicity, all agents who have received their

allotments until Step t are weakly better off. After Step t no copies of type x are available

anymore. If no further allotments change after Step t we are done. Otherwise, t = 1 and

now consider Step 2. Recall that priority structures �y and �′y only differ in the position

of agent 1. Hence, for an agent to be worse off at (R, q′) than at (R, q), agent 1 cannot

have received his allotment at Step 1 and he has to apply for type y at Step 2. But then,

R1(x) = 1 and by the definition of Cx, IAC1(R, q) = IAC1(R, q′) = x. Thus, also in Step 2, all

agents receiving their allotments are weakly better off.

The proof of Theorem 2 does not require more than one copy of any real type. Hence,

Theorem 2 is also valid for the well-known house allocation model. Note that the choice

function properties monotonicity, sequence-monotonicity, and sequence-substitutability are
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vacuously satisfied by any choice function in the house allocation model (since then the only

possible capacities for any real type are 0 and 1). Acceptance and substitutability (which

boils down to the independence of rejected agents (IRA) as defined in Remark 1) then define

a priority structure for N that determines choices.

The following corollary for house allocation is even valid when only one or two real object

types are available. The reason for this “strengthening” of the result is that the two parts

in the proof of Theorem 2 that require at least three real object types can now either be

omitted (because sequence-monotonicity is vacuously satisfied by any choice function in the

house allocation model) or adjusted to show a weaker property (since substitutability boils

down to independence of rejected agents (IRA)).

Corollary 2 (Theorem 2 for House Allocation but for all |O|).
In the house allocation model, a mechanism satisfies weak non-wastefulness, resource-

monotonicity, (group) non-bossiness, favoring-higher-ranks, and rank-respecting unavailable-

type-invariance if and only if it is an IA mechanism.

We would like to conclude this section with some remarks concerning Theorem 2 in

relation to Theorem 1 and in comparison to Ehlers and Klaus (2016, Theorem 3).

Remark 2 (Theorem 2 versus Theorem 1).

Lemma 5, which is essential for the proof of Theorem 1, shows that weak non-wastefulness,

resource-monotonicity, consistency, and RR-UTI imply uniform pairwise-tie-breaking, which

requires that for each type and each pair of agents, the same agent is favored over the

other agent when they compete for a copy of a type, independent from the details of the

choice environment such as who else is competing with the two agents or who received a

copy before. Given that it may be desirable to make the choice depend on the details of

the environment, uniform pairwise-tie-breaking may be a restrictive property. Since the

only difference between the set of characterizing properties in Theorems 1 and 2 is that

consistency is replaced with non-bossiness, our results shed some light on the implications of

the consistency requirement, although, of course, consistency cannot be solely held responsible

for uniform pairwise-tie-breaking.

Remark 3 (Theorem 2 versus Ehlers and Klaus (2016), Theorem 3).

Ehlers and Klaus (2016, Theorem 3) characterize choice-based deferred acceptance (DA)

mechanisms (where the choice structure satisfies acceptance, monotonicity, and substitu-
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tability) by unavailable-type-invariance13, weak non-wastefulness, resource-monotonicity,

truncation-invariance14, and strategy-proofness.

Theorem 2 characterizes choice-based IA mechanisms (where the choice structure sa-

tisfies acceptance, monotonicity, substitutability, sequence-monotonicity, and sequence-

substitutability) by weak non-wastefulness, resource-monotonicity, (group) non-bossiness,

favoring-higher-ranks, and RR-UTI. Hence, both characterizations share the properties weak

non-wastefulness and resource-monotonicity and in both characterizations, the properties

imply the choice structure to be acceptant, monotonic, and substitutable.

Choice-based DA mechanisms satisfy RR-UTI but neither favoring-higher-ranks nor non-

bossiness. Choice-based IA mechanisms satisfy truncation-invariance but neither unavailable-

type-invariance nor strategy-proofness.

6 Choice-Based Immediate-Acceptance Mechanisms

to promote Affirmative Action

The class of mechanisms characterized in Theorem 2 is considerably larger than the class of

IA mechanisms characterized in Theorem 1. One way to see that is the following observation,

which was also noted in Section 5: take any auxiliary choice function that is not responsive

but satisfies acceptance, monotonicity, and substitutability, and associate each B ∈ 2N with

it; then, the IA mechanism based on the induced choice function is not an IA mechanism, but

belongs to the class characterized in Theorem 2. Put differently, the IA mechanism based on

the induced choice function satisfies weak non-wastefulness, resource-monotonicity, (group)

non-bossiness, favoring-higher-ranks, and RR-UTI, but violates consistency.

Although the above observation reveals that a considerably larger class of mechanisms

is characterized in Theorem 2, it does not highlight the richness of the class enough. The

choice-based mechanisms in the above observation are based on a choice structures that do

not depend on B, in other words, for any real type, the choice at a competition step does not

depend on who received a copy of the type in an earlier (non-competition) step. Yet, there

are interesting applications where it may be desirable to make the choice depend on who

received what before, and such objectives can possibly be achieved with mechanisms in the

13Unavailable-type-invariance: the chosen allocation depends only on preferences over the set of available
types.

14Truncation-invariance: if an agent truncates his preference relation in a way such that his allotment
remains acceptable at the truncated preference relation, then the allocation is the same at both profiles.
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class of choice based IA mechanisms. One example is the object allocation problem when

there are affirmative action objectives. In this section, we provide a class of mechanisms

which are designed to “promote” a group of “minority” agents. We show that each of these

mechanisms is a choice-based IA mechanism based on a choice structure satisfying acceptance,

monotonicity, substitutability, sequence-monotonicity, and sequence-substitutability.

There is a group of minority agents Nm ⊆ N . If an agent is a minority agent, we denote

him with a superscript m, such as im ∈ Nm. Also, given any set of agents S ⊆ N , we denote

the set of minority agents in S by Sm. We introduce a class of choice-based IA mechanisms,

called IA mechanisms with affirmative-action-target, that take the affirmative action objective

into consideration.15 Each mechanism in this class is parameterized with a priority profile

� and a target profile t ∈ N|O|; the target profile associates each real type x with a target

number of minority agents tx ∈ N (tx is independent from the capacity of x, and possibly

greater than the capacity). At each problem, the mechanism allocates objects based on

the immediate �-acceptance algorithm, with the exception that, at a step at which there

is competition for an object, the minority agents are given priority over the non-minority

agents until the target is reached, taking the number of minority agents who were accepted

before into account.

Formally, given (�x)x∈O and t = (tx)x∈O, for each real type x ∈ O, let a choice function

with an affirmative-action-target C�x,tx : Dx → 2N \ ∅ be defined as follows. For each

(B, S, l) ∈ Dx,

• if |Bm| < tx, x first chooses the (tx − |Bm|) highest �x-priority agents in Sm, and then

it chooses the highest �x-priority agents among the remaining agents in S until either

the set of agents in S is exhausted or the capacity l is reached; C�x,tx(B, S, l) denotes

the set of chosen agents,

• otherwise, x chooses the highest �x-priority agents in S until either the set of agents

in S is exhausted or the capacity l is reached; C�x,tx(B, S, l) denotes the set of chosen

agents.

An IA mechanism with affirmative-action-target is a choice-based IA mechanism associated

with a choice structure consisting of choice functions with an affirmative-action-target.

15IA mechanisms with affirmative-action-target are the counterparts of deferred acceptance mechanisms
that use “reserves” introduced by Hafalir et al. (2013). Achieving affirmative action by imposing reserves is
also known as a reserve-based affirmative action policy.
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IA Mechanisms with Affirmative-Action-Target: A mechanism ϕ : RN × Q → A is

an IA mechanism with affirmative-action-target if there is a priority structure � and a target

profile t = (tx)x∈O ∈ N|O| such that for each (R, q) ∈ RN ×Q, ϕ(R, q) = IAC(R, q) where for

each x ∈ O, Cx = C�x,tx .

Next, we illustrate the working of an IA mechanism with affirmative-action-target with

an example.

Example 3. Let N ≡ {1, 2, 3, 4, 5m, 6m}, O ≡ {x, y, z}, qx = 3, qy = 1, and qz = 2. Let

tx = 2 and ty = tz = 0. Let the profile R and the priority profile � be as depicted below.

R1 R2 R3 R4 R5m R6m �x �y �z

x y y y y y 1 1 1
y x x x x x 2 2 2
z z z z z z 3 3 3

4 4 4
5m 5m 5m

6m 6m 6m

The steps of the associated IA algorithm with affirmative-action-target are depicted below:

the allotments are marked in boldface. Note that at the second step, x rejects 3 and 4, and

accepts 5m and 6m although they have lower priority.

Step x y z

1 1 2, 3, 4, 5m, 6m

2 3, 4, 5m , 6m

3 3, 4

Now, everything else the same, if R6m is such that x is top-ranked, at the first step of the

associated IA algorithm with affirmative-action-target agents 1 and 6m are accepted by x and

at the second step agent 5m is also accepted by x while agents 3 and 4 are rejected (hence,

the allocation did not change). However, if R6m is such that z is top-ranked, then at the first

step of the associated IA algorithm with affirmative-action-target agent 1 is accepted by x

and agent 6m is accepted by z and at the second step agent 5m is still accepted by x while

agent 3 is also accepted and agent 4 is still rejected.

We conclude the section by showing that each IA mechanism with affirmative-action-target

indeed belongs to the class characterized in Theorem 2.
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Proposition 2. Each choice function with an affirmative-action-target satisfies acceptance,

monotonicity, substitutability, sequence-monotonicity, and sequence-substitutability. Conse-

quently, each IA mechanism with affirmative-action-target satisfies weak non-wastefulness,

resource-monotonicity, group non-bossiness, favoring-higher-ranks, and rank-respecting

unavailable-type-invariance.

The following example illustrates an IA mechanism with an affirmative-action-target that

violates consistency.

Example 4. Let N ≡ {1, 2m, 3m}, O ≡ {x, y}, qx = 2 and qy = 1. Let tx = 1 and ty = 0.

Let the profile R and the priority profile � be as depicted below.

R1 R2m R3m �x �y

x x x 1 1
y y y 2 2

3 3

Note that, for the problem (R, q), the IA mechanism with the affirmative-action-target

assigns x to agents 1 and 2, and agent 3 receives y. Yet, when agent 2 leaves with his

allotment, at the new problem the IA mechanism with the affirmative-action-target assigns x

to agent 3, and agent 1 receives y, which is a violation of consistency.

Remark 4 (Choice-Based IA Mechanisms with Affirmative-Action-Quota).

Another way to promote minority agents is to impose quotas. Accordingly, we can introduce

choice-based IA mechanisms with affirmative-action-quota that take the affirmative action

objective into consideration.16 Each mechanism in this class is parameterized with a priority

profile � and a quota profile κ ∈ N|O|; the quota profile associates each real type x with

a maximal number of nonminority agents κx ∈ N who can receive a copy of the object.

At each problem, the mechanism allocates objects based on the immediate �-acceptance

algorithm, with the exception that, at a step at which there is competition for an object, the

number of accepted nonminority agents does not exceed the nonminority quota, taking the

number of minority agents who were accepted before into account. It is straightforward to

see that the associated choice functions satisfy acceptance, monotonicity, substitutability,

sequence-monotonicity, and sequence-substitutability. Consequently, each IA mechanism

16IA mechanisms with affirmative-action-quota are the counterparts of deferred acceptance mechanisms
that use quotas introduced by Abdulkadiroğlu and Sönmez (2003). Achieving affirmative action by imposing
quotas and requiring that no object be assigned to more nonminority agents than its quota is also known as
quota-based affirmative action policy.
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with affirmative-action-quota satisfies weak non-wastefulness, resource-monotonicity, group

non-bossiness, favoring-higher-ranks, and rank-respecting unavailable-type-invariance.

7 Related Literature

Our study contributes to the literature on school choice initiated by Abdulkadiroğlu and

Sönmez (2003). IA mechanisms have been widely studied, and besides our Theorem 1, Kojima

and Ünver (2014) and Afacan (2013) also provide characterizations. Afacan (2013) takes a

priority profile as given, whereas Kojima and Ünver (2014) and our paper derive a priority

profile from the properties of a mechanism. In Section 4, we discuss in detail how our paper

relates to Kojima and Ünver (2014).

Abdulkadiroğlu and Sönmez (2003) discuss three classes of well-known and “classic”

mechanisms to assign types to agents: the deferred acceptance mechanisms (first introduced

for marriage markets by Gale and Shapley, 1962), the immediate acceptance mechanisms

that we have discussed already, and top trading cycles mechanisms (first introduced, but

credited to David Gale, for object reallocation problems, also known as housing markets, by

Shapley and Scarf, 1974). All these mechanisms have in common that they are based on

linear orders of types over agents, interpreted either as priorities when tie-breaking between

agents is necessary or as priorities of ownership for trade. Furthermore, Abdulkadiroğlu and

Sönmez (2003) already pointed out some desirable properties of deferred acceptance (e.g.,

elimination of justified envy and strategy-proofness) as well as top trading cycles mechanisms

(e.g., Pareto efficiency and strategy-proofness).

There are several studies in the literature that then started from sets of desirable properties

that resulted in characterizations of larger classes of mechanisms. For the deferred acceptance

mechanisms, Kojima and Manea (2010) and Ehlers and Klaus (2016) characterize choice-based

deferred acceptance mechanisms and for the top trading cycles mechanisms, Pápai (2000) and

Pycia and Ünver (2017) characterize classes of mechanisms that include the top trading cycles

mechanisms. In all these studies, the structure the mechanism is based on (a choice structure

in Kojima and Manea, 2010, and Ehlers and Klaus, 2016; an inheritance tree in Pápai, 2000;

a control-rights structure in Pycia and Ünver, 2017) is derived from the properties of the

mechanism, as in our study. Our paper is the first to provide such a result for immediate

acceptance mechanisms by introducing and characterizing choice-based immediate acceptance

mechanisms that are obtained by extending priority structures to choice structures.
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In school choice, how to incorporate affirmative action has been receiving increasing

attention in the literature. A version of the immediate acceptance mechanisms that uses

quotas was in use in the City of Boston before 1999 (Abdulkadiroğlu and Sönmez, 2003),

and versions of deferred acceptance and top trading cycles mechanisms that use quotas were

proposed by Abdulkadiroğlu and Sönmez (2003). Recent findings show that affirmative action

policies through quotas may have perverse welfare consequences (Kojima, 2012) and that

a version of deferred acceptance mechanisms that uses “reserves” may improve upon the

quota version (Hafalir et al., 2013). The mechanisms in Section 6 that we use to illustrate

the richness of the class of IA mechanisms that we characterize in Theorem 2 are nothing but

versions of immediate acceptance mechanisms that use reserves. In a recent paper, Afacan

and Salman (2016) also study the reserve version of immediate acceptance mechanisms. Their

objective is to understand whether such mechanisms satisfy a certain property, responsiveness

to affirmative action (Kojima, 2012; Doğan, 2016). In contrast to their direct approach

to affirmative action, neither does our model contain nor do our properties refer to any

affirmative action concerns: we obtain (IA) mechanisms that can take affirmative action

concerns into account as members of the general class of mechanisms that we characterize.

8 Conclusion

We have introduced a new property, rank-respecting unavailable-type-invariance (RR-UTI),

which may be desirable for a social planner who deems the relative rank of a school in

students’ preferences crucial in determining who receives a seat at which school. We have

characterized two classes of mechanisms, IA mechanisms and choice-based IA mechanisms,

by RR-UTI and some already known properties. Our characterization results shed some

light on the principles underlying IA mechanisms and also on what it takes, in terms of the

underlying principles, to incorporate new design objectives, such as affirmative action. Note

that our aim was not to tell a social planner which particular mechanism to use or which

properties should be deemed desirable. In fact, there exist school districts that deem taking

the relative rank of a school in students’ preferences into consideration undesirable.17 Our

aim was to provide a detailed description of the implications of properties that may be of

17According to the School Admissions Code in England, a first preference first system is any “oversubscrip-
tion criterion that gives priority to children according to the order of other schools named as a preference by
their parents, or only considers applications stated as a first preference”, and since 2007, such systems are
banned in England, especially because they are vulnerable to strategic manipulation (Pathak and Sönmez,
2013).
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interest to a social planner. In addition, by understanding which properties characterize IA

mechanisms in comparison to other mechanisms (e.g., in Remark 3 we discuss the properties

that IA and DA mechanisms have in common versus the properties that separate them),

we help completing the picture of compatibility and incompatibility of desirable resource

allocation properties and which set of mechanisms is characterized by which set of properties.
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Appendix

A Proofs

Proof of Lemma 1. Let ϕ be a mechanism satisfying resource-monotonicity. Let (R, q) ∈
RN ×Q. Let q0 be such that for each x ∈ O, q0

x = 0. Note that for each i ∈ N , ϕi(R, q
0) = ∅.

Then, by resource-monotonicity, for each i ∈ N , ϕi(R, q)Ri ∅.

Proof of Lemma 2. Let ϕ be a mechanism satisfying consistency. Let (R, q) ∈ RN ×Q.

Let S ⊆ N and R′S ∈ RS be such that for each i ∈ S, ϕi(R, q) = ϕi((R
′
S, R−S), q).

Let R∗ be a profile obtained from R by changing the preference relation of each agent in S

to a preference relation for which the null object is top-ranked; and let q∗ be the capacity vector

obtained by subtracting the aggregate allotments of S at ϕ(R, q). Formally, R∗ is such that for

each i ∈ S, A(R∗i ) = ∅ and R∗−S = R−S; and for each x ∈ O, q∗x = qx−|{i ∈ S : ϕi(R, q) = x}|.
By consistency, for each j ∈ N \ S, ϕj(R, q) = ϕj(R

∗, q∗).

Let R∗∗ be a profile obtained from ((R′S, R−S), q) by changing the preference relation of

each agent in S to a preference relation for which the null object is top-ranked such that

R∗∗S = R∗S; and let q∗∗ be the capacity vector obtained by subtracting the aggregate allotments

of S at ϕ((R′S, R−S), q). Formally, R∗∗ is such that R∗∗S = R∗S and R∗∗−S = R−S, and for each

x ∈ O, q∗∗x = qx − |{i ∈ S : ϕi((R
′
S, R−S), q) = x}|. By consistency, for each j ∈ N \ S,

ϕj((R
′
S, R−S), q) = ϕj(R

∗∗, q∗∗).

Note that (R∗, q∗) = (R∗∗, q∗∗). Hence, for each j ∈ N \ S, ϕj(R, q) = ϕj(R
∗, q∗) =

ϕj(R
∗∗, q∗∗) = ϕj((R

′
S, R−S), q). Then, since for each i ∈ S, ϕi(R, q) = ϕi((R

′
S, R−S), q),

ϕ(R, q) = ϕ((R′S, R−S), q).

Proof of Lemma 3. Let ϕ be a mechanisms satisfying the three properties in the hypothesis

of the lemma. By Lemma 1, it is individually rational. Suppose that ϕ is not non-wasteful.

Since ϕ is individually rational, weakly non-wasteful, and not non-wasteful, there are (R, q) ∈
RN ×Q, x ∈ O+(q), and i ∈ N such that x Pi ϕi(R, q) Pi ∅ and |ϕ(R, q)(x)| < qx.
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Let R′ be a profile obtained from R by changing the preference relation of each agent

other than i to a preference relation for which the null object is top-ranked; and let q′ be

the capacity vector obtained by subtracting the aggregate allotments of N \ {i} at ϕ(R, q).

Formally, R′ is such that R′i = Ri and for each j ∈ N \ {i}, A(R′j) = ∅; and for each x ∈ O,

q′x = qx − |{k ∈ N \ {i} : ϕk(R, q) = x}|. By consistency, ϕi(R
′, q′) = ϕi(R, q) Pi ∅. Also,

q′x ≥ 1. Let q′′ be such that there is only one copy of x available and nothing else, i.e., q′′x = 1

and q′′y = 0 for each y ∈ O \ {x}. By resource-monotonicity, x Pi ϕi(R
′, q′)Ri ϕi(R

′, q′′) = ∅;
which contradicts that ϕ is weakly non-wasteful.

Proof of Lemma 4. Let ϕ be a mechanisms satisfying the four properties in the hypothesis

of the lemma. By Lemma 1, it is individually rational. Suppose that ϕ is not non-wasteful.

Since ϕ is individually rational, weakly non-wasteful, and not non-wasteful, there are (R, q) ∈
RN ×Q, x ∈ O+(q), and i ∈ N such that xPi ϕi(R, q)Pi ∅ and |{j ∈ N : ϕj(R, q) = x}| < qx.

Consider the following sets of agents, which form a partition of N \ {i} when each of

them is non-empty.

• Agents who receive the null object: T1 ≡ {j ∈ N : ϕj(R, q) = ∅}

• Agents who do not receive the top-ranked type or ∅: T2 ≡ {j ∈ N \ (T1 ∪ {i}) :

Rj(ϕj(R, q)) 6= 1}

• Agents who receive the top-ranked type: T3 ≡ {j ∈ N : Rj(ϕj(R, q)) = 1}

Step 1: Let R1 be a profile obtained from R by changing the preference relation of each

agent in T1 to a preference relation for which the null object is top-ranked. Formally, for each

j ∈ T1, A(R1
j ) = ∅ and for each j /∈ T1, R1

j = Rj . By individual rationality, if A(R1
j ) = ∅, then

ϕj(R
1, q) = ∅. By group non-bossiness, ϕ(R1, q) = ϕ(R, q). Alternatively, we can transform

profile R one preference relation at a time into R1 and invoke non-bossiness at each step to

show that ϕ(R1, q) = ϕ(R, q).

Step 2: Let R2 be a profile obtained from R1 by changing the preference relation of each

agent in T2 to a preference relation for which his allotment is top-ranked and the null object

is second-ranked. Formally, for each j ∈ T2, R2
j (ϕj(R

1, q)) = 1 and R2
j (∅) = 2, and for each

j /∈ T2, R2
j = R1

j . We show that for each j ∈ T2, ϕj(R
2, q) = ϕj(R

1, q). Let ϕj(R
1, q) = y.

By favoring-higher-ranks, for each k ∈ N such that R1
k(y) = 1, we have ϕk(R

1, q) = y.

Then, |{k ∈ N : R2
k(y) = 1}| ≤ qy. Suppose by contradiction that ϕj(R

2, q) 6= y. By

individual rationality, ϕj(R
2, q) = ∅. If |{k ∈ N : ϕk(R

2, q) = y}| < qy, then we have a
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contradiction to weak non-wastefulness. If |{k ∈ N : ϕk(R
2, q) = y}| = qy, then we have a

contradiction to favoring-higher-ranks. Hence, for each j ∈ T2, ϕj(R
2, q) = ϕj(R

1, q). By

group non-bossiness, ϕ(R2, q) = ϕ(R1, q). Alternatively, we can transform profile R1 one

preference relation at a time into R2 and invoke non-bossiness at each step to show that

ϕ(R2, q) = ϕ(R1, q).

Step 3: Let T ′3 ⊆ T3 be the agents in T3 who top-rank (and receive) a type in L(Ri, ϕi(R, q)).

Since x Pi ϕi(R, q), for any type y ∈ L(Ri, ϕi(R, q)), Ri(y) 6= 1. Let R3 be a profile obtained

from R2 by changing the preference relation of each agent in T ′3 to a preference relation for

which he stills top-ranks his allotment and second-ranks the null object. Formally, for each

j ∈ T ′3, R3
j (ϕj(R, q)) = 1 and R3

j (∅) = 2 and for each j /∈ T ′3, R3
j = R2

j . We show that for

each j ∈ T ′3, ϕj(R
3, q) = ϕj(R

2, q).

Let j ∈ T ′3 and let ϕj(R
2, q) = y. Note that {k ∈ N : R2

k(y) = 1} = {k ∈ N : ϕk(R2, q) =

y}. Suppose by contradiction that ϕj(R
3, q) 6= y. By individual rationality, ϕj(R

3, q) = ∅.
If |{k ∈ N : ϕk(R

3, q) = y}| < qy, then we have a contradiction to weak non-wastefulness.

If |{k ∈ N : ϕk(R
3, q) = y}| = qy, then we have a contradiction to favoring-higher-ranks.

Hence, for each j ∈ T ′3, ϕj(R
3, q) = ϕj(R

2, q). By group non-bossiness, ϕ(R3, q) = ϕ(R2, q).

Alternatively, we can transform profile R2 one preference relation at a time into R3 and

invoke non-bossiness at each step to show that ϕ(R3, q) = ϕ(R2, q).

Step 4: Note that R3
i = Ri and |{j ∈ N : ϕj(R

3, q) = x}| < qx and therefore

|{j ∈ N : ϕj(R
3, q) /∈ L(R3

i , ϕi(R
3, q))}| <

∑
y/∈L(R3

i ,ϕi(R,q)) qy. Now, let q′ be the capa-

city profile obtained from q by removing all the real types in L(Ri, ϕi(R, q)). Formally,

for each y ∈ L(Ri, ϕi(R, q)) \ {∅}, q′y = 0, and for each real type z /∈ L(Ri, ϕi(R, q)),

q′z = qz. By resource-monotonicity and individual rationality, for each j ∈ N such that

ϕj(R
3, q) ∈ L(R3

i , ϕi(R
3, q)), ϕj(R

3, q′) = ∅, and in particular ϕi(R
3, q′) = ∅. Then,

|{j ∈ N : ϕj(R
3, q′) /∈ L(R3

i , ϕi(R
3, q′))}| <

∑
y/∈L(R3

i ,ϕi(R,q′)) q
′
y, which contradicts that ϕ

satisfies weak non-wastefulness.

Proof of Lemma 5. Let ϕ be a mechanisms satisfying the properties in the hypothesis

of the lemma. Let (R, q) ∈ RN ×Q, x ∈ O, and pair i, j ∈ N be such that Ri(x) = Rj(x),

ϕi(R, q) = x, and x Pj ϕj(R, q). Let (R′, q′) ∈ RN × Q be such that i and j find only x

acceptable, every other agent top-ranks the null object, and there is only one copy of x

available and nothing else. Formally, R′ is such that A(R′i) = A(R′j) = x and for each

k ∈ N \ {i, j}, A(R′k) = ∅; and q′ is such that q′x = 1 and qy = 0 for each y ∈ O \ {x}. We

show that ϕi(R
′, q′) = x, which implies that ϕ satisfies uniform pairwise-tie-breaking.
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Step 1: Let R1 be a profile obtained from R by changing the preference relation of each

agent other than i and j to a preference relation for which the null object is top-ranked and

x is bottom-ranked; and let q1 be the capacity vector obtained by subtracting the aggregate

allotments of N \ {i, j} at ϕ(R, q). Formally, R1 is such that R1
i = Ri, R

1
j = Rj , and for each

k ∈ N \ {i, j}, R1
k is such that A(R1

k) = ∅ and y R1
k x for each y ∈ O; and q1 is such that for

each y ∈ O, q1
y = qy − |{k ∈ N \ {i, j} : ϕk(R, q) = y}|. By consistency, ϕi(R

1, q1) = x and

x P 1
j ϕj(R

1, q1) = ϕj(R, q).

Step 2: Let (R2, q2) be the problem obtained from (R1, q1) by removing all the real types

except for one copy of x. Formally, R2 = R1 and q2 = q′. By resource-monotonicity, invoking

Lemma 1, ϕ is individually rational, and therefore x P 1
i ∅ and x P 1

j ϕj(R
1, q1) R1

j ∅. Then,

by resource-monotonicity, ϕj(R
2, q2) = ∅. By weak non-wastefulness, resource-monotonicity,

and consistency, invoking Lemma 3, ϕ is non-wasteful. Therefore ϕi(R
2, q2) = x.

Step 3: Let (R3, q3) be the problem obtained from (R2, q2) by changing i’s and j’s preferences

to R′i and R′j, respectively. Formally, R3
i = R′i, R

3
j = R′j, R

3
−{i,j} = R2

−{i,j}, and q3 = q2 = q′.

By weak uniform tie-breaking (RR-UTI), ϕi(R
3, q3) = x.

Step 4: Let (R4, q4) be the problem obtained from (R3, q3) by changing R2
−{i,j} to R′−{i,j}.

Note that (R4, q4) = (R′, q′). By consistency, ϕi(R
′, q′) = x, which completes the proof.

Proof of Theorem 1. If part: That an IA mechanism ϕ satisfies (weak) non-wastefulness,

resource-monotonicity, consistency, and favoring-higher-ranks is clear; it also follows from

Kojima and Ünver (2014). Let ϕ be an IA mechanism with priority structure �. To see that

ϕ satisfies rank-respecting unavailable-type-invariance (and hence weak uniform tie-breaking),

let (R, q) ∈ RN×Q and R′ ∈ RN be such that R|O+(q)∪{∅} = R′|O+(q)∪{∅} and for all x ∈ O+(q)

and for all i, j ∈ N , Ri(x) ≥ Rj(x) if and only if R′i(x) ≥ R′j(x).

Suppose that ϕ(R, q) 6= ϕ(R′, q). Let t be the first step in the immediate �-acceptance

algorithm at (R′, q) at which an agent’s allotment differs at ϕ(R, q) and ϕ(R′, q); let i ∈ N be

one of these agents and, without loss of generality, suppose that ϕi(R
′, q) Pi ϕi(R, q). Hence,

ϕi(R
′, q) ∈ O. Let ϕi(R

′, q) ≡ x. By non-wastefulness, there exists an agent j who was

assigned x at ϕ(R, q) and is assigned a different type at ϕ(R′, q). Since the relative rankings

of x are the same at R and R′ and agent j did obtain x at ϕ(R, q), agent j had a higher

priority for type x than agent i and thus prefers his allotment at ϕ(R′, q) to that at ϕ(R, q);

contradicting the assumption that t is the first step in the immediate �-acceptance algo-

rithm at (R′, q) at which an agent is assigned a type that he prefers to his allotment at ϕ(R, q).
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Only if part: Let ϕ be a mechanism satisfying the properties in the theorem. By Lemmas 1,

3, and 5, it also satisfies individual rationality, non-wastefulness, and uniform pairwise-tie-

breaking.

For each x ∈ O, consider the following binary relation �x on N . For each distinct pair

i, j ∈ N , i 6= j, let i �x j if and only if i gets x at every problem at which i and j find only

x acceptable, every other agent top-ranks the null object, and there is only one copy of x

available and nothing else. By uniform pairwise-tie-breaking, for each distinct pair i, j ∈ N ,

i 6= j, either i �x j or j �x i. We claim that �x is a transitive relation. Suppose not, i.e.,

suppose that there are distinct i, j, k ∈ N such that i �x j �x k �x i. Consider a profile

where i, j, k find only x acceptable, and every other agent top-ranks the null object, and

there is one unit x and nothing else. Since k �x i, i does not get x; since i �x j, j does not

get x; since j �x k, k does not get x; and by individual rationality, no agent in N \ {i, j, k}
gets x. But then, no agent gets x, which contradicts weak non-wastefulness.

Now, ϕ being an IA mechanism based on (�x)x∈O is a straightforward consequence of

uniform pairwise-tie-breaking together with favoring-higher-ranks and non-wastefulness.

Proof of Lemma 6. Let ϕ be a mechanism satisfying rank-respecting invariance. Let

x ∈ O, i, j ∈ N , and q ∈ Q such that qx = 1 and qy = 0 for each y ∈ O \ {x}, and

preference profiles R,R′ ∈ RN such that R−{i,j} = R′−{i,j}, Ri(x) = Rj(x), x ∈ A(Ri)∩A(Rj),

A(R′i) = A(R′j) = {x}, and for each k ∈ N \ {i, j}, Rk(x) = R′k(x) = |O|+ 1.

Assume that ϕi(R, q) = x. Hence, for all k ∈ N\{i}, ϕk(R, q) = ∅. Thus, R′ is a monotonic

transformation of R at ϕ(R, q). Note that Ui(R,ϕ(R, q)) = Ui(R
′, ϕ(R, q)) = {i, j} and

Vi(R,ϕ(R, q)) = Vi(R
′, ϕ(R, q)) = ∅. Since agent i is the only agent such that ϕi(R, q) ∈ O,

R′ is a rank-respecting monotonic transformation of R at ϕ(R, q). Then, rank-respecting

invariance implies ϕ(R′, q) = ϕ(R, q). In particular, ϕi(R
′, q) = ϕi(R, q), which proves weak

uniform tie-breaking.

Proof of Proposition 1. Let ϕ be a mechanism and C be a choice structure satisfying the

properties in the hypothesis of the proposition.

(i.) If part: Suppose that C is sequence-monotonic. Consider a problem (R, q) ∈ RN ×Q,

a real type x ∈ O and a capacity vector q′ ∈ Q such that q′x = qx + 1 and q′y = qy for each

y ∈ O\{x}. We prove resource-monotonicity by showing that for all i ∈ N , ϕi(R, q
′)Riϕi(R, q)

when going through the steps of the immediate C-acceptance algorithm.
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If ϕ(R, q) = ϕ(R, q′), then we are done. Let t be the first step in the immediate C-
acceptance algorithm at (R, q) and (R, q′) at which an agent receives different allotments. All

agents who applied to types before Step t and agents who apply to types y ∈ (O\{x})∪{∅} at

Step t receive the same allotments. Note that at Step t, some agent can newly receive x because

one more copy is available. At problem (R, q), let B be the set of agents who have received

a copy of type x before Step t and let S be the set of agents applying to type x at Step t.

Note that q′x − |B| = qx − |B|+ 1. By monotonicity, Cx(B, S, qx − |B|) ⊆ Cx(B, S, q′x − |B|).
Hence, for any agent i ∈ N who received type x at problem (R, q) at Step t, it follows that

ϕi(R, q) = ϕi(R, q
′) = x. For the agent who newly receives type x at Step t, say agent j ∈ N ,

we have ϕj(R, q
′) Pj ϕj(R, q). Hence, no agent who has received his allotment until Step t is

worse off.

By substitutability, in all steps after Step t in the immediate C-acceptance algorithm

at (R, q) at which agent j applied to a type y ∈ (O \ {x}) ∪ {∅} (possibly receiving it),

the allotments made to other agents at (R, q′) do not change now that agent j does not

apply anymore. Let t′ be the next step at which an agent receives different allotments in

the immediate C-acceptance algorithm at (R, q) and (R, q′). Since in the previous steps only

one copy of type x was assigned differently, at Step t′ exactly one real type y ∈ O \ {x} is

affected. Furthermore, by substitutability, a change in allotment at Step t′ happens because

agent j did receive type y at (R, q) and another agent k ∈ N \ {j} can now receive this copy

of type y at Step t′. At problem (R, q), let B′ be the set of agents who have received a copy

of type y before Step t′ and let S ′ be the set of agents applying to type y at Step t′. There

are two cases:

Case (a) At (R, q), j ∈ S ′, i.e., agent j applied to type y in Step t′ (and received it). Then,

at (R, q′), B′ is the set of agents who have received a copy of type y before Step t′ and S ′ \{j}
is the set of agents applying to type y at Step t′. By substitutability, for each i ∈ N \ {j}
such that i ∈ Cy(B′, S ′, qy − |B′|) we have i ∈ Cy(B′, S ′ \ {j}, qy − |B′|). Hence, for any agent

i ∈ N \ {j} who received type y at (R, q) at Step t′, it follows that ϕi(R, q) = ϕi(R, q
′) = y.

For agent k who newly receives type y at Step t, we have ϕk(R, q
′) Pk ϕk(R, q). All agents

who apply to types z ∈ (O \ {y}) ∪ {∅} at Step t′ receive the same allotments.

Case (b) At problem (R, q), j ∈ B′, i.e., agent j applied to type y before Step t′ (and

received it at (R, q)). Then, at problem (R, q′), B′ \{j} is the set of agents who have received

a copy of type y before Step t′ and S ′ is the set of agents applying to type y at Step t′. Note

that q′y−|B′ \{j}| = qy−|B′|+1, i.e., at problem (R, q′) at Step t′ an additional copy of type

y is available. By sequence-monotonicity, Cy(B′, S ′, qy−|B′|) ⊆ Cy(B′ \{j}, S ′, q′y−|B′ \{j}|).
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Hence, for any agent i ∈ N \ {j} who received type y at (R, q) at Step t′ it follows that

ϕi(R, q) = ϕi(R, q
′) = y. For agent k who newly receives type y at Step t′, we have

ϕk(R, q
′) Pk ϕk(R, q). All agents who apply to types z ∈ (O \ {y}) ∪ {∅} at Step t′ receive

the same allotments.

Hence, no agent who has received his allotment until Step t′ is worse off. We now repeat

the previous arguments at each step of the immediate C-acceptance algorithm at (R, q) and

(R, q′) at which an agent receives different allotments. Finally, resource-monotonicity for an

arbitrary capacity vector q′ ∈ Q with q′x ≥ qx for each x ∈ O follows by applying the above

argument repeatedly to increase capacities from q to q′ one additional object at a time.

(i.) Only if part: Suppose that |O| ≥ 3 and that C is not sequence-monotonic. Then, there

are x ∈ O, (B, S, l) ∈ Dx, i ∈ Cx(B, S, l), and j ∈ B such that i 6∈ Cx(B \ {j}, S, l + 1). Let

y, z ∈ O \ {x} such that y 6= z.

Let q ∈ Q be such that qx = |B|+ l and qx′ = 0 for each x′ ∈ O \ {x}. Let R ∈ RN such

that agent j top-ranks y, second-ranks x, and third-ranks the null object; each agent in B\{j}
top-ranks x and second-ranks the null object; each agent in S top-ranks z, second-ranks y,

third-ranks x, and fourth-ranks the null object; and each agent in N \ (B ∪ S) top-ranks

the null object. Formally, R is such that Rj(y) = 1, Rj(x) = 2, and Rj(∅) = 3; for each

k ∈ B \ {j}, Rk(x) = 1 and Rj(∅) = 2; for each k ∈ S, Rk(z) = 1, Rk(y) = 2, Rk(x) = 3,

and Rk(∅) = 4; and for each k ∈ N \ (B ∪ S), A(Rk) = ∅. Since ϕ is a choice-based IA

mechanism, for each agent k ∈ B we have that ϕk(R, q) = x. Next, since i ∈ Cx(B, S, l), we

have ϕi(R, q) = x.

Let q′ be such that q′y = 1 and q′y′ = qy′ for each y′ ∈ O \ {y}. Since ϕ is a choice-based

IA mechanism, ϕj(R, q) = y and for each agent k ∈ B \ {j} we have that ϕk(R, q) = x. Next,

since i /∈ Cx(B \ {j}, S, l + 1), ϕi(R, q
′) = ∅, implying that ϕ violates resource-monotonicity.

(ii.) If part: Suppose that C is sequence-substitutable. Let (R, q) ∈ RN × Q. Let

S ⊆ N and R′S ∈ RS such that for each i ∈ S, ϕi(R, q) = ϕi((R
′
S, R−S), q). We prove

ϕ(R, q) = ϕ((R′S, RS), q) in two parts.

Part 1: Let i ∈ N and denote ϕi(R, q) = x. We show that if we replace Ri with another

preference relation R̄i where i top-ranks x, the allocation does not change, that is, ϕ(R, q) =

ϕ((R̄i, R−i), q).

Let t be the step in the immediate C-acceptance algorithm at (R, q) at which agent i receives

x. Note that Ri(x) = t. Change agent i’s preference relation Ri into R̄i where type x is
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top-ranked, i.e., R̄i(x) = 1. If t = 1, then clearly ϕ(R, q) = ϕ((R̄i, R−i), q). Hence, assume

1 = R̄i(x) < Ri(x) = t. Let {y1, . . . , yt−1} be the set of real types that are ranked higher

than x at Ri such that Ri(y1) = 1, . . . , Ri(yt−1) = t− 1.

At Step 1 in the immediate C-acceptance algorithm at (R, q) and ((R̄i, R−i), q), two differences

occur. First, agent i applies to x at ((R̄i, R−i), q) but not at (R, q). At problem (R, q), let

S1 be the set of agents applying to type x at Step 1. Then, at problem ((R̄i, R−i), q) set

S1∪{i} is the set of agents applying to type x at Step 1. By acceptance, Cx(∅, S1, qx)∪{i} =

Cx(∅, S1 ∪ {i}, qx) = S1 ∪ {i}. Hence, for all j ∈ S1 ∪ {i}, ϕj(R, q) = ϕj((R̄i, R−i), q) = x.

Thus, all agents who are assigned x at Step 1 in the immediate C-acceptance algorithm at

(R, q), are assigned x at ((R̄i, R−i), q).

Second, agent i applies to y1 at (R, q) but not at ((R̄i, R−i), q). At problem (R, q), let S̄1

be the set of agents applying to type y1 at Step 1. Then, at ((R̄i, R−i), q) set S̄1 \ {i} is the

set of agents applying to type y1 at Step 1. By substitutability, for each j ∈ N \ {i} such

that j ∈ Cy1(∅, S̄1, qy1) we have j ∈ Cy1(∅, S̄1 \ {i}, qy1). Thus, all agents who are assigned y1

at Step 1 in the immediate C-acceptance algorithm at (R, q), are assigned y1 at ((R̄i, R−i), q).

Since all other objects in (O \ {x, y1}) ∪ {∅} receive the same proposals in Step 1, all

agents who obtain their allotments at Step 1 in the immediate C-acceptance algorithm at

(R, q), obtain the same allotments at ((R̄i, R−i), q).

At Step k (k ∈ {2, . . . , t − 1}) in the immediate C-acceptance algorithm at (R, q) and

((R̄i, R−i), q), one difference occurs. Agent i applies to yk at (R, q) but not at ((R̄i, R−i), q).

Assume that at problem (R, q) set Bk is the set of agents who have received a copy of type yk

before Step k and set Sk is the set of agents applying to type yk at Step k. Then, at problem

((R̄i, R−i), q) set Bk is the set of agents who have received a copy of type yk before Step k and

set Sk \ {i} is the set of agents applying to type yk at Step k. By substitutability, for each

j ∈ N \ {i} such that j ∈ Cyk(Bk, Sk, qyk − |Bk|) we have j ∈ Cyk(Bk, Sk \ {i}, qyk − |Bk|).
Thus, all agents who obtain allotment yk at Step k in the immediate C-acceptance algorithm

at (R, q), obtain yk as allotment at ((R̄i, R−i), q).

By acceptance, agents who apply to type x at Step k in the immediate C-acceptance

algorithm at (R, q), obtain x as allotment at ((R̄i, R−i), q). Since all other objects in

(O \{x, yk})∪{∅} receive the same proposals in Step k, all agents who obtain their allotments

at Step k in the immediate C-acceptance algorithm at (R, q), obtain the same allotments at

((R̄i, R−i), q).
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At Step t in the immediate C-acceptance algorithm at (R, q) and ((R̄i, R−i), q), one difference

occurs. Agent i applies to x at (R, q) but not at ((R̄i, R−i), q). At problem (R, q), let Bt

be the set of agents who have received a copy of type x before Step t and let St be the

set of agents applying to type x at Step t. Then, at ((R̄i, R−i), q), B
t ∪ {i} is the set of

agents who have received a copy of type x before Step t and St \ {i} is the set of agents

applying to type x at Step t. Note that qx − |Bt ∪ {i}| = (qx − |Bt|) − 1, i.e., at problem

((R̄i, R−i), q) at Step t one less copy of type x is available. By sequence-substitutability,

Cx(Bt, St, qx− |Bt|) = Cx(Bt ∪ {i}, St \ {i}, qx− |Bt ∪ {i}|)∪ {i}. Thus, all agents in N \ {i}
who obtain allotment x at Step t in the immediate C-acceptance algorithm at (R, q), obtain

x as allotment at ((R̄i, R−i), q).

Since all other objects in (O \ {x}) ∪ {∅} receive the same proposals in Step t, all agents

who obtain their allotments at Step t in the immediate C-acceptance algorithm at (R, q),

obtain the same allotments at ((R̄i, R−i), q). After Step t, there are no further differences

between the immediate C-acceptance algorithms at (R, q) and ((R̄i, R−i), q) and it follows

that ϕ(R, q) = ϕ((R̄i, R−i), q).

Part 2: Starting from (R, q), for each i ∈ S replace Ri with another preference relation

R̄i where i top-ranks ϕi(R, q), i.e., R̄i(ϕi(R, q)) = 1. Denote the resulting problem by

((R̄S, RS), q). By stepwise application of the result of Part 1, we obtain that ϕ(R, q) =

ϕ((R̄S, R−S), q).

Next, starting from ((R′S, R−S), q), for each i ∈ S replace R′i with R̄i; note that i top-

ranks ϕi((R
′
S, R−S), q) = ϕi(R, q). The resulting problem is ((R̄S, RS), q). By stepwise

application of the result of Part 1, we obtain that ϕ((R′S, R−S), q) = ϕ((R̄S, R−S), q). Hence,

ϕ(R, q) = ϕ((R′S, R−S), q).

(ii.) Only if part: Suppose that C is not sequence-substitutable. Then, there are x ∈ O,

(B, S, l) ∈ Dx such that l ≥ 2, and i, j ∈ Cx(B, S, l), i 6= j, and i 6∈ Cx(B ∪ {j}, S \ {j}, l− 1).

Let y ∈ O \ {x}.

Let q ∈ Q be such that qx = |B|+ l and qx′ = 0 for each x′ ∈ O \ {x}. Let R ∈ RN such

that each agent in B top-ranks x and second-ranks the null object; each agent in S top-ranks

y, second-ranks x, and third-ranks the null object; and each agent in N \ (B ∪ S) top-ranks

the null object. Formally, R is such that for each k ∈ B, Rk(x) = 1 and Rk(∅) = 2; for each

k ∈ S, Rk(y) = 1, Rk(x) = 2, and Rk(∅) = 3; and for each k ∈ N \ (B ∪ S), A(Rk) = ∅.
Since i, j ∈ Cx(B, S, l), we have ϕi(R, q) = ϕj(R, q) = x. Let R′j be such that j top-ranks x.

Note that ϕj((R
′
j, R−j), q) = x and since i 6∈ Cx(B ∪ {j}, S \ {j}, l − 1), ϕi((R

′
j, R−j), q) = ∅.
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Hence, ϕj((R
′
j, R−j), q) = ϕj(R, q) but ϕi((R

′
j, R−j), q) 6= ϕi(R, q), implying that ϕ violates

non-bossiness.

Proof of Lemma 7. Let ϕ be a mechanisms satisfying the properties in the hypothesis of

the lemma. By Lemmas 1 and 4, it also satisfies individual rationality and non-wastefulness.

Let (R, q) ∈ RN × Q, x ∈ O, (B, S, l) ∈ Dx, S 6= ∅, and r ∈ N such that S = {i ∈ N :

Ri(x) = r and x Ri ϕi(R, q)} and B = {i ∈ N : Ri(x) < r and ϕi(R, q) = x}; B = ∅ is

possible.

Consider the following sets of agents, which form a partition of N \ (B ∪ S) when each of

them is non-empty.

• Agents who receive the null object: T1 ≡ {j ∈ N \ (B ∪ S) : ϕj(R, q) = ∅}

• Agents who do not receive the top-ranked type, type x, or ∅: T2 ≡ {j ∈ N \(T1∪B∪S) :

ϕj(R, q) 6= x and Rj(ϕj(R, q)) 6= 1}

• Agents who receive their top-ranked real type, which is different from x: T3 ≡ {j ∈
N \ (T1 ∪ T2 ∪B ∪ S) : ϕj(R, q) 6= x and Rj(ϕj(R, q)) = 1}

Step 1: Let R1 be a profile obtained from R by changing the preference relation of each agent

in T1 to a preference relation for which the null object is top-ranked and x is bottom-ranked.

Formally, for each j ∈ T1, A(R1
j ) = ∅, R1

j (x) = |O| + 1, and for each j /∈ T1, R
1
j = Rj.

By individual rationality, if A(R1
j ) = ∅, then ϕj(R

1, q) = ∅. By group non-bossiness,

ϕ(R1, q) = ϕ(R, q). Alternatively, we can transform profile R one preference relation at a

time into R1 and invoke non-bossiness at each step to show that ϕ(R1, q) = ϕ(R, q).

Step 2: Let R2 be a profile obtained from R1 by changing the preference relation of each

agent in T2 to a preference relation for which his allotment is the only acceptable type and x

is bottom-ranked. Formally, for each j ∈ T2, A(R2
j ) = {ϕj(R

1, q)}, R2
j (x) = |O|+ 1, and for

each j /∈ T2, R2
j = R1

j . We show that for each j ∈ T2, ϕj(R
2, q) = ϕj(R

1, q).

Let ϕj(R
1, q) = y. By favoring-higher-ranks, for each k ∈ N such that R1

k(y) = 1, we

have ϕk(R
1, q) = y. Then, |{k ∈ N : R2

k(y) = 1}| ≤ qy. Suppose by contradiction that

ϕj(R
2, q) 6= y. By individual rationality, ϕj(R

2, q) = ∅. If |{k ∈ N : ϕk(R
2, q) = y}| < qy,

then we have a contradiction to weak non-wastefulness. If |{k ∈ N : ϕk(R2, q) = y}| = qy, then

we have a contradiction to favoring-higher-ranks. Hence, for each j ∈ T2, ϕj(R
2, q) = ϕj(R

1, q).

By group non-bossiness, ϕ(R2, q) = ϕ(R1, q). Alternatively, we can transform profile R1 one

preference relation at a time into R2 and invoke non-bossiness at each step to show that
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ϕ(R2, q) = ϕ(R1, q).

Step 3: Let R3 be obtained from R2 by changing the preference relation of each agent

in T3 to a preference relation for which his allotment is the only acceptable type and x is

bottom-ranked. Formally, for each j ∈ T3, A(R3
j ) = {ϕj(R

2, q)}, R3
j (x) = |O| + 1, and for

each j /∈ T3, R3
j = R2

j . We show that for each j ∈ T3, ϕj(R
3, q) = ϕj(R

2, q).

Let ϕj(R
2, q) = y. Suppose by contradiction that ϕj(R

3, q) 6= y. By individual rationality,

ϕj(R
3, q) = ∅. If |{k ∈ N : ϕk(R

3, q) = y}| < qy, then we have a contradiction to weak

non-wastefulness. Hence, |{k ∈ N : ϕk(R
3, q) = y}| = qy. Let q∗ be the capacity profile

obtained from q by removing all the real types except for y. Formally, q∗y = qy and q∗z = 0 for

each z ∈ O\{y}. By resource-monotonicity, ϕj(R
3, q∗) = ∅. Now, by RR-UTI ϕj(R

2, q∗) = ∅.
But then, by weak non-wastefulness and favoring-higher-ranks, there exists l ∈ B ∪ S such

that ϕl(R
2, q) 6= y, ϕl(R

2, q∗) = y, and R2
l (y) = 1. However, now ϕl(R

2, q∗) Pl ϕl(R
2, q), a

contradiction to resource-monotonicity. Hence, for each j ∈ T3, ϕj(R
3, q) = ϕj(R

2, q). By

group non-bossiness, ϕ(R3, q) = ϕ(R2, q). Alternatively, we can transform profile R2 one

preference relation at a time into R3 and invoke non-bossiness at each step to show that

ϕ(R3, q) = ϕ(R2, q).

Step 4: If B = ∅, set R4 = R3; otherwise let R4 be a profile obtained from R3 by changing

the preference relation of each agent in B to a preference relation for which x is the only

acceptable type. Formally, for each j ∈ B, A(R4
j ) = {x} and for each j /∈ B, R4

j = R3
j . We

show that for each j ∈ B, ϕj(R
4, q) = ϕj(R

3, q).

By favoring-higher-ranks, for each k ∈ N such that R3
k(x) = 1, we have ϕk(R

3, q) = x.

Then, |{k ∈ N : R3
k(x) = 1}| ≤ qx. Suppose by contradiction that ϕj(R

4, q) 6= x. By

individual rationality, ϕj(R
4, q) = ∅. If |{k ∈ N : ϕk(R

4, q) = x}| < qx, then we have a

contradiction to weak-non-wastefulness. If |{k ∈ N : ϕk(R
4, q) = x}| = qx, then we have a

contradiction to favoring-higher-ranks. Hence, for each j ∈ B, ϕj(R
4, q) = ϕj(R

3, q). By

group non-bossiness, ϕ(R4, q) = ϕ(R3, q). Alternatively, we can transform profile R3 one

preference relation at a time into R4 and invoke non-bossiness at each step to show that

ϕ(R4, q) = ϕ(R3, q).

To summarize, at problem (R4, q), we have ϕ(R4, q) = ϕ(R, q) and all agents in N \
(B ∪ S) receive either ∅ or their only acceptable real type and they all bottom-rank type x.

Furthermore, if B 6= ∅, then for all agents in B type x is the only acceptable real type. Let

T ≡ {i ∈ S : ϕi(R, q) = x}.
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Step 5: Let q̄ be the capacity profile obtained from q by removing all the real types

except for x. Formally, q̄x = qx and q̄y = 0 for each y ∈ O \ {x}. By resource-monotonicity

and individual rationality, for all i ∈ N such that ϕi(R
4, q) 6= x, ϕi(R

4, q̄) = ∅. By weak

non-wastefulness, for all i ∈ N such that ϕi(R
4, q) = x, ϕi(R

4, q̄) = x.

Step 6: Let R5 be a profile obtained from R4 by changing the preference relation of each

agent in N \ (B ∪ S) who newly obtains the null object to a preference relation for which the

null object is top-ranked while keeping x bottom-ranked; this transformation only affects

agents (not belonging to B ∪ S) who have “lost” a real type in the last step. Formally, if

j ∈ N \ (B ∪ S), ϕj(R
4, q) 6= ∅, and ϕj(R

4, q̄) = ∅, then A(R5
j ) = ∅ and R5

j (x) = |O| + 1;

otherwise, R5
j = R4

j . By individual rationality, if A(R5
j ) = ∅, then ϕj(R

5, q̄) = ∅. By

group non-bossiness, ϕ(R5, q̄) = ϕ(R4, q̄). Alternatively, we can transform profile R4 one

preference relation at a time into R5 and invoke non-bossiness at each step to show that

ϕ(R5, q̄) = ϕ(R4, q̄).

Case 1: B = ∅.

Step 1.7: Note that for all i ∈ N \ S, R5
i (∅) = 1 and R5

i (x) = |O|+ 1. Let R6 be a profile

obtained from R5 by changing the preference relations of each agent in S to a preference

relation for which x is the only acceptable type. Formally, for each j ∈ S, A(R6
j ) = {x} and

for each j /∈ S, R6
j = R5

j . By RR-UTI, ϕ(R6, q̄) = ϕ(R5, q̄).

Step 1.8: Finally, by RR-UTI, at each problem (R̄, q̄) ∈ RN × Q such that qx = q̄x,

each agent in S top-ranks x and second-ranks the null object and each agent in N \ S
top-ranks the null object and bottom-ranks x, we have ϕ(R̄, q̄) = ϕ(R6, q̄) and thus

T = {i ∈ S : ϕi(R̄, q̄) = x}.

Case 2: B 6= ∅. Note that r > 1.

Step 2.7: Note that for all i ∈ N \ S, either R5
i (x) = 1 and R5

i (∅) = 2 (for i ∈ B) or

R5
i (∅) = 1 and R5

i (x) = |O|+ 1 (for i ∈ N \ (B ∪ S)). Let R6 be a profile obtained from R5

by changing the preference relations of each agent in S to a preference relation for which x is

second-ranked and the null object is third-ranked. Formally, for each j ∈ S, A(R6
j ) = {x}

and for each j /∈ S, R6
j = R5

j . By RR-UTI, ϕ(R6, q̄) = ϕ(R5, q̄).

Step 2.8: Finally, by RR-UTI, at each problem (R̄, q̄) ∈ RN ×Q such that qx = q̄x, each

agent in S second-ranks x and third-ranks the null object, each agent in B top-ranks x and

second-ranks the null object, and each agent in N \ (B ∪ S) top-ranks the null object and

bottom-ranks x, we have ϕ(R̄, q̄) = ϕ(R6, q̄) and thus T = {i ∈ S : ϕi(R̄, q̄) = x}.
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With the derivation of the reduced problem (R̄, q̄) in either Step 1.8 or 2.8 such that

ϕ(R̄, q̄) = ϕ(R6, q̄) and T = {i ∈ S : ϕi(R̄, q̄) = x}, uniform choice follows (because for any

problem (R′, q′) that relates to problem (R, q) as specified in the definition of uniform choice,

we can perform the same transformation into problem (R̄, q̄)).

Proof of Theorem 2. If part: Let ϕ be a choice-based IA mechanism with a choice

structure C that satisfies acceptance, monotonicity, substitutability, sequence-monotonicity

and sequence-substitutability. Mechanism ϕ being an IA mechanism with an acceptant choice

structure implies weak non-wastefulness and favoring-higher-ranks. Resource-monotonicity

follows from Proposition 1 (i) and group non-bossiness follows from Proposition 1 (ii).

RR-UTI : Let (R, q) ∈ RN ×Q and R′ ∈ RN be such that R|O+(q)∪{∅} = R′|O+(q)∪{∅} and for

all x ∈ O+(q) and for all i, j ∈ N , Ri(x) ≥ Rj(x) if and only if R′i(x) ≥ R′j(x). Suppose that

ϕ(R, q) 6= ϕ(R′, q).

Let t be the first step in the immediate C-acceptance algorithm at (R, q) and (R′, q)

at which an agent receives different allotments, say agent i ∈ N is one of these agents.

Without loss of generality, suppose that ϕi(R, q)Piϕi(R
′, q). Hence, ϕi(R, q) ∈ O and assume

ϕi(R, q) = x. Note that Ri(x) = t. At problem (R, q), let B be the set of agents who have

received a copy of type x before Step t and let S be the set of agents applying to type x at

Step t. By the definition of Step t, at problem (R′, q) set B also is the set of agents who have

received a copy of type x before Step t. Furthermore, at problem (R′, q) agent i ∈ S applies

to type x at some Step t′ such that t′ ≥ t. Now, by the assumptions on preference profiles R

and R′, at problem (R′, q) the set of agents applying to type x at Step t′ equals S. Hence, at

both problems (R, q) and (R′, q), agents in Cx(B, S, qx − |B|) receive type x; contradicting

that x 6= ϕi(R
′, q).

Only if part: Suppose that |O| ≥ 3 and that ϕ satisfies resource-monotonicity, weak

non-wastefulness, (group) non-bossiness, favoring-higher-ranks, and RR-UTI. By Lemmas 1,

4, and 7, it also satisfies individual rationality, non-wastefulness, and uniform choice.

Consider the following choice structure C = (Cx)x∈O. Given x ∈ O and (B, S, l) ∈ Dx,

define a profile R as follows.

Case 1: B = ∅. Let R be a profile such that each agent in S top-ranks x and second-ranks

the null object and each agent in N \ S top-ranks the null object and bottom-ranks x.

Formally, R is such that for each i ∈ S, Ri(x) = 1 and Ri(∅) = 2, and for each i ∈ N \ S,

A(Ri) = ∅ and Ri(x) = |O|+ 1.
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Case 2: B 6= ∅. Let R be a profile such that each agent in B top-ranks x and second-ranks

the null object; each agent in S second-ranks x and third-ranks the null object; and each

agent in N \ (B ∪ S) top-ranks the null object and bottom-ranks x. Formally, R is such that

for each i ∈ B, Ri(x) = 1 and Ri(∅) = 2, and for each i ∈ S, Ri(x) = 2 and Ri(∅) = 3, and

for each i ∈ N \ S, A(Ri) = ∅ and Ri(x) = |O|+ 1.

Let qx = |B| + l and qy = 0 for each y 6= x. By uniform choice, at each problem (R, q)

as defined in either Case 1 or Case 2, the same subset of S, say S ′ ⊆ S, receives x. Let

Cx(B, S, l) ≡ S ′.

Cx satisfies acceptance and monotonicity: By weak non-wastefulness, it follows easily

that Cx is acceptant. By resource-monotonicity, it follows easily that Cx is monotonic.

Cx satisfies substitutability: Let (B, S, l) ∈ Dx, i, j ∈ S, i 6= j, and i ∈ Cx(B, S, l). Let

(R, q) be a problem defining Cx(B, S, l). Hence, ϕi(R, q) = x. Let y, z ∈ O \ {x} and y 6= z

(|O| ≥ 3).18

Let R1 be a profile obtained from R by changing the preference relation of each agent in

S to a preference relation for which agent j ∈ S top-ranks y, second-ranks x, and third-ranks

the null object and each agent in S \ {j} top-ranks z, second-ranks x, and third-ranks the

null object. Formally, R1
j (y) = 1, R1

j (x) = 2, and R1
j (∅) = 3; for each k ∈ S \ {j}, R1

k(z) = 1,

R1
k(x) = 2, and R1

k(∅) = 3; and for each k 6∈ S, R1
k = Rk. By RR-UTI, ϕ(R1, q) = ϕ(R, q),

particularly ϕi(R
1, q) = x. Let q′ be such that qy = 1 and q′t = qt for each t ∈ O \ {y} (i.e.,

q′x = l and for each w ∈ O \ {x, y}, q′w = 0). By non-wastefulness and resource-monotonicity,

ϕj(R
1, q′) = y and ϕi(R

1, q′) = x.

Let R2 be a profile obtained from R1 by changing the preference relation of agent j

to a preference relation for which y is the only acceptable type and type x is bottom-

ranked. Formally, A(R2
j ) = y, R2

j (x) = |O| + 1, and for each k ∈ N \ {j}, R2
k = R1

k.

By weak non-wastefulness and individual rationality, ϕj(R
2, q′) = y. By non-bossiness,

ϕ(R2, q′) = ϕ(R1, q′), particularly ϕi(R
2, q′) = x. Next, we decrease the capacity of y

back to zero, i.e., we switch from q′ to q. By individual rationality, ϕj(R
2, q) = ∅. By

weak non-wastefulness and resource-monotonicity, agent i still receives a copy of x, that is,

ϕi(R
2, q) = x.

Finally, let R3 be a profile obtained from R2 by changing the preference relation of agent

j to a preference relation for which the null object is top-ranked and type x is bottom-

18Note that this proof step requires at least three real object types, i.e., we need |O| ≥ 3. Our counter
Example 2 uses a choice structure that violates substitutability.
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ranked. Formally, A(R3
j ) = ∅, R3

j (x) = |O| + 1, and for each k ∈ N \ {j}, R3
k = R2

k. By

individual rationality, ϕj(R
3, q) = ∅. By non-bossiness, ϕ(R3, q) = ϕ(R2, q), particularly

ϕi(R
3, q) = x. Since (R3, q) is a problem that defines Cx(B, S \{j}, l) (by RR-UTI), it follows

that i ∈ Cx(B, S \ {j}, l).

Cx satisfies sequence-monotonicity: Let (B, S, l) ∈ Dx and j ∈ B. Let (R, q) be a

problem defining Cx(B, S, l) ≡ S ′. Hence, ϕj(R, q) = x. Let y, z ∈ O \ {x} and y 6= z.19

Let R1 be a profile obtained from R by changing the preference relation of each agent

in B ∪ S to a preference relation for which j top-ranks y, second-ranks x, and third-ranks

the null object; each agent in B \ {j} top-ranks z, second-ranks x, and third-ranks the null

object; and each agent in S top-ranks z, second-ranks y, third-ranks x, and fourth-ranks the

null object. Formally, R1
j (y) = 1, R1

j (x) = 2, and R1
j (∅) = 3; for each k ∈ B \ {j}, R1

k(z) = 1,

R1
k(x) = 2, and R1

k(∅) = 3; each k ∈ S, R1
k(z) = 1, R1

k(y) = 2, R1
k(x) = 3, and R1

k(∅) = 4;

and for each k ∈ N \ (B ∪ S), R1
k = Rk. By RR-UTI, ϕ(R1, q) = ϕ(R, q). Let q′ be such that

qy = 1 and q′t = qt for each t ∈ O \ {y}. By favoring-higher-ranks, non-wastefulness, and

resource-monotonicity, ϕj(R
1, q′) = y and for each k ∈ S ′, ϕk(R1, q′) = x.

Let R2 be a profile obtained from R1 by changing the preference relation of agent j

to a preference relation for which y is the only acceptable type and type x is bottom-

ranked. Formally, A(R2
j ) = y, R2

j (x) = |O| + 1, and for each k ∈ N \ {j}, R2
k = R1

k.

By weak non-wastefulness and individual rationality, ϕj(R
2, q′) = y. By non-bossiness,

ϕ(R2, q′) = ϕ(R1, q′), particularly, for each k ∈ S ′, ϕk(R
2, q′) = x. Next, we decrease the

capacity of y back to zero, i.e., we switch from q′ to q. By individual rationality, ϕj(R
2, q) = ∅.

By weak non-wastefulness and resource-monotonicity, agents in S ′ still receives a copy of

x, that is, for each k ∈ S ′, ϕk(R
2, q) = x. Recall that qx = |B| + l and that at problem

(R2, q) agent j ∈ B does not receive x anymore and that hence l + 1 copies of type x are

available to agents in S. Hence, (R2, q) is a problem that defines Cx(B \ {j}, S, l + 1). Then,

S ′ = Cx(B, S, l) ⊆ Cx(B \ {j}, S, l+ 1). Thus, if i ∈ Cx(B, S, l), then i ∈ Cx(B \ {j}, S, l+ 1).

Cx satisfies sequence-substitutability: Let (B, S, l) ∈ Dx such that l ≥ 2 and j ∈
Cx(B, S, l). Let (R, q) be a problem defining Cx(B, S, l). Hence, ϕj(R, q) = x.

Let R1 be a profile obtained from R by changing the preference relation of each agent in

S to a preference relation for which each agent i ∈ S second-ranks x and third-ranks the null

object. Formally, for each i ∈ S, R1
i (x) = 2 and R1

i (∅) = 3 and for each k 6∈ S, R1
k = Rk. By

19Note that this proof step requires at least three real object types, i.e., we need |O| ≥ 3. Our counter
Example 2 uses a choice structure that violates sequence-monotonicity.
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RR-UTI, ϕ(R1, q) = ϕ(R, q), particularly ϕj(R
1, q) = x.

Let R2 be a profile obtained from R1 by changing the preference relation of agent j ∈ S
to a preference relation for which x is the only acceptable type. Formally, A(R2

j ) = {x} and

for each k ∈ N \ {j}, R2
k = R1

k. By favoring-higher-ranks, ϕj(R
2, q) = x. By non-bossiness,

ϕ(R2, q) = ϕ(R1, q). Since (R2, q) is a problem that defines Cx(B∪{j}, S \{j}, l−1) (by RR-

UTI), it follows that Cx(B, S, l) = Cx(B∪{j}, S \{j}, l−1)∪{j}. In particular, i ∈ Cx(B, S, l)

and i 6= j imply i ∈ Cx(B ∪ {j}, S \ {j}, l − 1).

Now, the mechanism ϕ being a choice-based IA mechanism based on C is a straightforward

consequence of uniform choice together with favoring-higher-ranks and non-wastefulness.

Proof of Corollary 2. As already explained before stating the corollary, the proof of

Theorem 2 remains valid for the house allocation model. Hence, we only need to show that

it also remains valid if fewer than three real types are available, i.e., |O| ≤ 2. Note the two

steps that require |O| > 3 in the proof of Theorem 2 are in the only if part of the proof and

concern the substitutability of Cx (see Footnote 18) and the sequence-monotonicity of Cx (see

Footnote 19). Since any choice function Cx vacuously satisfied sequence-monotonicity in the

house allocation model, we only need to prove the substitutability of Cx.

Cx satisfies substitutability: Let (∅, S, l) ∈ Dx, i, j ∈ S, i 6= j, and i ∈ Cx(B, S, 1).

Hence, ϕi(R, q) = x and ϕj(R, q) = ∅. Change agent j’s preference relation Rj into R′j

where the null object is top-ranked and x is bottom-ranked. Formally, A(R′j) = ∅ and

R′j(x) = |O| + 1. By individual rationality and non-bossiness, ϕ(R, q) = ϕ((R′j, R−j), q).

Hence, i ∈ Cx(∅, S \ {j}, 1).

Proof of Proposition 2. Let x ∈ O and let C�x,tx be a choice function with an affirmative-

action-target.

C�x,tx satisfies acceptance and monotonicity: by definition (the latter is due to the

fact that affirmative-action-targets are fixed while the capacities of real types can vary).

C�x,tx satisfies substitutability: Let (B, S, l) ∈ Dx, i, j ∈ S, i 6= j, and i ∈ Cx(B, S, l).

We want to show that if j is removed from S, agent i should still be chosen, that is,

i ∈ Cx(B, S \ {j}, l).

Assume that agent i is only chosen to meet the minority target (thus, i ∈ Sm). Then, that

is still the case after the removal of agent j and i ∈ Cx(B, S \ {j}, l). Alternatively, assume

that agent i is chosen solely on account of a high priority (being a minority agent or not).

Then, after the removal of agent j, agent i can still be chosen on account of his high priority
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(he might also be chosen as a minority agent to meet the target if agent j was a minority

agent that helped meet the target before leaving). Hence, i ∈ Cx(B, S \ {j}, l).

C�x,tx satisfies sequence-monotonicity: Let (B, S, l) ∈ Dx, j ∈ B, and i ∈
C�x,tx(B, S, l). We want to show that if agent j is removed from B, agent i should still be

chosen, that is, i ∈ C�x,tx(B \ {j}, S, l + 1).

Case 1: j /∈ Bm. In this case, if agent j is removed from B, the number of minority agents

who are given priority, which is max{0, tx − |Bm|}, stays the same. Moreover, there is one

more copy to be allocated, therefore clearly i ∈ C�x,tx(B \ {j}, S, l + 1).

Case 2: j ∈ Bm and i ∈ Sm. In this case, if agent j is removed from B, the number of

minority agents who are given priority is max{0, tx − |Bm|+ 1}. Moreover, there is one more

copy to be allocated, and since i ∈ Sm, clearly i ∈ C�x,tx(B \ {j}, S, l + 1).

Case 3: j ∈ Bm and i /∈ Sm. In this case, if agent j is removed from B, the number of mi-

nority agents who are given priority is max{0, tx−|Bm|+1} as in the previous case. Moreover,

there is one more copy to be allocated. Now, even if max{0, tx−|Bm|+1} > max{0, tx−|Bm|},
in which case one more minority agent is given priority, since there is one more copy we have

i ∈ C�x,tx(B \ {j}, S, l + 1).

C�x,tx satisfies sequence-substitutability: Let (B, S, l) ∈ Dx such that l ≥ 2,

i, j ∈ C�x,tx(B, S, l), i 6= j. We want to show that if agent j is moved to B and one less agent

is to be chosen, agent i should still be chosen, that is, i ∈ C�x,tx(B ∪ {j}, S \ {j}, l − 1).

Case 1: j /∈ Sm. In this case, if agent j is moved to B, the number of minority agents

who are given priority, which is max{0, tx − |Bm|}, stays the same. Although there is one

fewer copy to be allocated, since one of the agents who received a copy before is removed,

i ∈ C�x,tx(B ∪ {j}, S \ {j}, l − 1).

Case 2: j ∈ Sm and i /∈ Sm. In this case, if agent j is removed from B, the number of

minority agents who are given priority is max{0, tx − |Bm| − 1}, which is less than or equal

to before and which is an advantage for agent i since i /∈ Sm. Now, although there is one

less copy to be allocated, since one of the agents who received a copy before is removed,

i ∈ C�x,tx(B ∪ {j}, S \ {j}, l − 1).

Case 3: j ∈ Sm and i ∈ Sm. In this case, if agent j is moved to B, the number of

minority agents who are given priority is max{0, tx − |Bm| − 1}.

Suppose that before moving agent j to B, agent i was not receiving one of the copies

intended for minorities, that is, agent i is not one of the top max{0, tx − |Bm|} �x-priority
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agents in Sm. Clearly, after moving agent j to B, although there is one less copy to be allocated,

since one of the agents who received a copy before is removed, i ∈ C�x,tx(B∪{j}, S \{j}, l−1).

Suppose that before moving agent j to B, agent i was receiving one of the copies intended

for minorities, that is, agent i is one of the top max{0, tx − |Bm|} �x-priority agents in

Sm. If agent j was also receiving one of the copies intended for minorities, then agent

i is one of the top max{0, tx − |Bm| − 1} �x-priority agents in Sm \ {j} and therefore

i ∈ C�x,tx(B ∪ {j}, S \ {j}, l − 1). If agent j was not receiving one of the copies intended for

minorities, then i �x j and also j was chosen after the copies intended for the minorities were

exhausted. Then either agent i is one of the top max{0, tx − |Bm| − 1} �x-priority agents

in Sm \ {j} or agent i is chosen after the copies intended for the minorities are exhausted,

which implies that i ∈ C�x,tx(B ∪ {j}, S \ {j}, l − 1).

B Independence of Characterizing Properties

The following examples establish the independence of the properties in Theorems 1 and 2.

Throughout the examples, let N = {1, . . . , n}. Recall that non-wastefulness implies weak

non-wastefulness and that consistency implies group non-bossiness and the latter implies

non-bossiness.

Example 5 (A mechanism satisfying resource-monotonicity, consistency, favoring-higher–

ranks, RR-UTI, and violating weak non-wastefulness). Let ϕ be the mechanism that

assigns the null object to any agent at any problem, that is, for each problem (R, q) ∈ RN×Q
and each agent i ∈ N , ϕi(R, q) = ∅.

Example 6 (A mechanism satisfying non-wastefulness, consistency, favoring-higher-ranks,

RR-UTI, and violating resource-monotonicity). Let � and �′ be priority structures

such that for each real type x ∈ O, 2 �x · · · �x n �x 1 and 1 �′x 2 �′x · · · �′x (n− 1) �′x n.

Let ϕ be the mechanism such that for each problem (R, q) ∈ RN ×Q,

ϕ(R, q) =

IA�(R, q) if IA�1 (R, q) 6= ∅

IA�
′
(R, q) otherwise.

Mechanism ϕ clearly satisfies weak non-wastefulness, favoring-higher-ranks, and RR-UTI.

To see that it satisfies consistency, let (R, q) ∈ RN ×Q. Suppose that IA�1 (R, q) = ∅, and

therefore ϕ(R, q) = IA�
′
(R, q). Now, suppose that some agents (possibly including agent 1)
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leave with their IA�
′
(R, q) allotments, resulting in problem (R′, q′). If 1 is a member of the

leaving group, IA�1 (R′, q′) = ∅ and ϕ(R′, q′) = IA�
′
(R′, q′). Since IA�

′
is consistent, the

allotments of the remaining agents don’t change. If 1 is not a member of the leaving group,

by consistency of IA�, IA�1 (R′, q′) = ∅ and ϕ(R′, q′) = IA�
′
(R′, q′). Since IA�

′
is consistent,

the allotments of the remaining agents, including agent 1, don’t change.

Suppose that IA�1 (R, q) 6= ∅, and therefore ϕ(R, q) = IA�(R, q). Suppose that some agents

(possibly including agent 1) leave with their IA�(R, q) allotments, resulting in problem

(R′, q′). If 1 is a member of the leaving group, IA�1 (R′, q′) = ∅ and ϕ(R′, q′) = IA�
′
(R′, q′).

Since agent 1 top-ranks the null object at R′ and the restrictions of � and �′ to N \ {1}
are the same, IA�(R′, q′) = IA�

′
(R′, q′). Since IA� is consistent, the allotments of the

remaining agents don’t change. If 1 is not a member of the leaving group, by consistency of

IA�, IA�1 (R′, q′) 6= ∅ and ϕ(R′, q′) = IA�(R′, q′). Since IA� is consistent, the allotments of

the remaining agents, including agent 1, don’t change.

To see that ϕ violates resource-monotonicity, let types x, y ∈ O, x 6= y, and let problem

(R, q) ∈ RN ×Q be such that agents 1, 2, and 3 top-rank x, second-rank y, and third-rank

the null object, every other agent top-ranks the null object, qx = 2, and qz = 0 for each

z ∈ O \ {x}. Let q′ be such that q′y = 1 and q′z = qz for each z ∈ O \ {y}, i.e., q′x = 2. Note

that ϕ1(R, q) = x and ϕ1(R, q
′) = y, meaning that the increase in the capacity of y makes

agent 1 worse-off.

The above example shows the independence of resource-monotonicity from the other

characterizing properties in Theorem 2, as well as in Theorem 1, since consistency implies

group non-bossiness, which in turn implies non-bossiness. Since Proposition 1 reveals that

resource-monotonicity of a choice-based IA mechanism is intimately related to sequence-

monotonicity of the associated choice structure, such a relation can possibly be further

highlighted with an example of a choice-based IA mechanism which satisfies all the properties

in Theorem 2 but not resource-monotonicity, and the choice structure of which violates

sequence-monotonicity. The above example cannot serve for that purpose since the mechanism

in the example is not a choice-based IA mechanism. The following example, which shows the

independence of resource-monotonicity from the other characterizing properties in Theorem 2,

but not in Theorem 1 since consistency is violated, serves that purpose.

Example 7 (A mechanism satisfying non-wastefulness, group non-bossiness, favoring-hig-

her-ranks, RR-UTI, and violating resource-monotonicity). This example requires that

n ≥ 4. Let x ∈ O. Let �x and �′x be the priority orderings defined as 1 �x 2 �x 3 �x · · · �x n
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and 3 �′x 2 �′x 1 �′x · · · �′x n. Let the choice function Cx : Dx → 2N \ ∅ be defined as

follows: for each (B, S, l) ∈ Dx, if n ∈ B, then Cx(B, S, l) coincides with the responsive

choice function based on �; if n /∈ B, then Cx(B, S, l) coincides with the responsive choice

function based on �′. Formally, for each (B, S, l) ∈ Dx, if n ∈ B, then Cx(B, S, l) chooses

the min{|S|, l} highest �x-priority agents in S; otherwise, Cx(B, S, l) chooses the min{|S|, l}
highest �′x-priority agents in S. Let C be a choice structure such that the choice function

of x, Cx, is the one defined above, and every other type has an arbitrary choice function

satisfying acceptance, monotonicity, substitutability, sequence-monotonicity, and sequence-

substitutability. Let ϕ be the choice-based IA mechanism based on C, that is for each

(R, q) ∈ RN ×Q, ϕ(R, q) = IAC(R, q).

Mechanism ϕ clearly satisfies weak non-wastefulness, favoring-higher-ranks, and RR-UTI.

Note that C clearly satisfies acceptance, monotonicity, and substitutability. Therefore, to see

that it satisfies group non-bossiness, by Proposition 1 it is sufficient to show that C satisfies

sequence-substitutability. Let (B, S, l) ∈ Dx, l ≥ 2. Let i, j ∈ Cx(B, S, l) and i 6= j. If j 6= n,

then clearly i ∈ Cx(B ∪ {j}, S \ {j}, l − 1). If j = n, then since n has the least �x priority,

n ∈ Cx(B, S, l) implies that Cx(B, S, l) = S. Then, Cx(B ∪ {n}, S \ {n}, l − 1) = S \ {n} and

therefore i ∈ Cx(B ∪ {j}, S \ {j}, l − 1).

To see that ϕ violates resource-monotonicity, let y, z ∈ O \ {x} and let (R, q) ∈ RN ×Q be

such that agents 1, 2, and 3 top-rank z, second-rank y, and third-rank x, agent n top-ranks

y and second-ranks x, and every other agent top-ranks the null object, qx = 2 and qt = 0

for each t ∈ O \ {x}. Let q′ be such that q′y = 1 and q′t = qt for each t ∈ O \ {y}. Note that

ϕ1(R, q) = x and ϕ1(R, q′) = ∅, meaning that the increase in the capacity of y makes agent 1

worse-off.

Example 8 (A mechanism satisfying non-wastefulness, resource-monotonicity, favoring-hig-

her-ranks, RR-UTI, and violating non-bossiness). Let � and �′ be priority structures such

that for each real type x ∈ O, 1 �x 2 �x · · · �x (n−1) �x n and n �′x (n−1) �′x · · · �′x 2 �′x 1.

For each real type x ∈ O, let the choice function Cx : Dx → 2N \ ∅ be defined as follows. For

each (B, S, l) ∈ Dx, first x chooses the highest �x-priority agent in S (only one agent), and

then chooses the highest �′x-priority agents until capacity is full, and Cx(B, S, l) is defined to

be the set of chosen agents. Let ϕ be the choice-based IA mechanism based on C = (Cx)x∈O,

that is for each (R, q) ∈ RN ×Q, ϕ(R, q) = IAC(R, q).

To see that ϕ violates non-bossiness, observe that we can construct a problem such that agents

1, 2, and 3 second-rank type x ∈ O and compete for two copies of it, in which case agents 1
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and 3 receive the copies, however when agent 1 changes his preference relation to a preference

relation for which he now top-ranks x, agents 2 and 3 compete for one copy of x and agent 2

receives the copy. Note that the choice structure C violates sequence-substitutability.

Example 9 (A mechanism satisfying non-wastefulness, resource-monotonicity, consistency,

RR-UTI, and violating favoring-higher-ranks). Let � be a priority structure. Let ϕ be

the mechanism such that for each problem (R, q) ∈ RN ×Q, first agent 1 is assigned a copy

of his most preferred available type, and then the remaining resources are allocated among

the remaining agents via IA mechanism IA�.

Example 10 (A mechanism satisfying non-wastefulness, resource-monotonicity, consistency,

favoring-higher-ranks, and violating RR-UTI). Let � and �′ be priority structures such

that �6=�′. Let mechanism ϕ be the following modification of an IA mechanism: for each

problem (R, q) ∈ RN × Q, priority structure � is used in Step 1 of the IA algorithm and

thereafter priority structure �′.
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